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Abstract 

We prove lower bound and finiteness properties for arakelovian heights 
with respect to pre-log-log hermitian ample line bundles. These heights 
were introduced by Burgos, Kramer and Kiihn in [2], in their extension 
of the arithmetic intersection theory of Gillet and Soule [B], aimed to 
deal with hermitian vector bundles equipped with metrics admitting suit- 
able logarithmic singularities. Our results generalize the corresponding 
properties for the heights of cycles in Bost-Gillet-Soule ]T , as well as the 
properties established by Faltings 7 for heights of points attached to her- 
mitian line bundles whose metrics have logarithmic singularities. We also 
discuss various geometric constructions where such pre-log-log hermitian 
ample line bundles naturally arise. 

MSC: 14G40 (Primary) 11J25, 11J97 (Secondary). 
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Conventions 

We fix some conventions and notations to be followed throughout this paper. 

The open disc of C centered at and of radius e > will be denoted by A e . 

If /, g : E — s- K are two functions on a set E ^ 0, we write / -< g to mean 
that there exists a constant C such that f(x) < Cg(x) for all x E E. If the 
involved constant depends on some data D that we want to specify, we write 
/ <d g- 



If X is a complex analytic manifold we decompose the exterior differential 
operator as d = d + 8 and we define d c = (47ri) _1 (<9 — d), so that dd c = idd /2tt. 

Let k be a field. By an algebraic variety X over k we mean a separated and 
reduced scheme of finite type over k. In particular, X is noetherian and it has 
a finite number of irreducible components. When k = C, for every separated 
scheme of finite type X over C there is an associated complex analytic space 
X an , whose underlying topological space equals the set of complex points X(C). 
If F is a closed subscheme of X, then F an is an analytic subspace of X an . The 
scheme X is proper over C if, and only if, X an is compact. Also, X is a 
nonsingular variety over C if, and only if, X an is a complex analytic manifold. 
To simplify notations we will write X instead of X an or X(C) (it will be clear 
from the context the category we are working on). 

Let if be a number field. Its ring of integers is denoted by Ok- Let = 
Spec Ok- An arithmetic variety over will be a flat and projective scheme 
7r : S£ — > 5? , with regular generic fiber 2£k — S£ x.y Specif of pure dimension 
n. The set of complex points 3£ (fC) has a natural structure of complex analytic 
manifold, and it can be partitioned as 

jr(Q= ]J ar ff (<c). 

The complex conjugation induces an antiholomorphic involution F^ : 3£{C) — > 
JT(C). 

1 Introduction 

In this paper we establish a common generalization of the following two state- 
ments. 

Theorem 1.1 (Faltings [7], Lemma 3). Let 2^ be a projective arithmetic variety 
and W C 3£ a Zariski closed subset. Let Jz? = (_Sf, || • ||) &e an ample line bundle 
on 3£ endowed with a smooth hermitian metric on Jzf |^r(c)\a r (C)- Suppose that 
|| • || has logarithmic singularities along ^(C). Fix a number field K. For any 
real constant C, there are only finitely many points P € 5£(K) \ W{K) with 
hjg{P) <C. 

The notions of function and metric with logarithmic singularities arc recalled 
in §2 and §3 below. 

Theorem 1.2 (Bost-Gillet-Soule [I], Proposition 3.2.4 and Theorem 3.2.5). 
Let 2£ be a projective arithmetic variety and Jz? a smooth hermitian ample line 
bundle on 3K '. 

1. For any real constant A, there are only finitely many effective cycles z £ 
Z P (J?T) such that deg^ K z < A and h^{z) < A. 

2. There exists a positive constant k such that hj^(z) > —Kdeg^ K z for every 
effective cycle z £ Z P (JT). 

Let us place under the hypothesis of Theorem O Let P € 3£(K) \ W{K), 
extended to P : Spec Ox — > X by properness of SC. Since jSf is ample, there 
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exists some positive power admitting a global section s non-vanishing at 



where P a is the point in J^(C) induced by P. Therefore, in Faltings' result, 
only the metric as a function is required. The definition of the height of a 
cycle of positive relative dimension, with respect to a smooth hermitian line 
bundle, involves the derivatives of the metric up to second order (see [T] §3 and 
also $U below). Therefore, to extend both theorems, we need to describe the 
kind of logarithmic singularities allowed to the derivatives of the metric, up to 
second order. The arithmetic intersection theory of Gillet and Soule needs to 
be reinterpreted so we can deal with such metrics. This has been done in [2], 
where Burgos, Kramer and Kiihn develop a theory of abstract arithmetic Chow 
groups, and apply it to the case of logarithmic singularities. 

Before the statement of our main theorem we introduce some notations. Let 
K be a number field, Ok its ring of integers and 3f a projective arithmetic 
variety over Spec Ok- Suppose that D C S£ K is a divisor such that D(C) has 
normal crossings. Write U = St^(C) \ D(C). By Zy(SZ') we denote the group of 
codimension p cycles z on 5£ , such that z(C) intersects D(C) properly. A cycle 
on 3f is called horizontal if it is the Zariski closure of a cycle on SCk- We write 
71u(S£k) for the subgroup of Zy-(JT) consisting of horizontal cycles. Now let _S? 
be a line bundle on endowed with a pre-log-log hermitian metric || • ||, with 
singularities along D (see below for the definition). According to Burgos, 
Kramer and Kiihn, this is the notion of metric with logarithmic singularities 
well suited to define heights on Z^(«^T) (see [3J §7). If ££k is ample there is a 
well defined normalized height h-g on Z^(^'k) with respect to Jz? = (Jzf, || • ||). 
We refer to for a summary of the theory of heights in Arakelov theory. 

Theorem 1.3 (Main Theorem). Let & be a projective arithmetic variety over 
SpecOif, D C Sf K Q> reduced divisor such that D(C) C j?T(C) has simple 
normal crossings and U = JT(C) \ D(C). Let J5f be a line bundle on 2fc with 
££k ample. Let |j • || be a pre-log-log hermitian metric on JC, with singularities 
along D, and \\ ■ ||o a smooth metric on Jz? . Then there exist constants a, (5, 
7 > and R G Z>o such that for every effective cycle z E ujj{$sk) we have 
hng (z) + 7 > 1 and 



If moreover \\ ■ \\ is good along D, then we can take R = 1. 

In conjunction with Theorem 11.21 Theorem 11.31 immediately yields the de- 
sired finitcness property as well as the existence of a universal lower bound. 

Corollary 1.4. Let 3^ be a projective arithmetic variety over SpecOK, D C 
3£k a reduced divisor such that D(C) has simple normal crossings and U = 
3£(C) \D(C). Let J£ be a pre-log-log hermitian ample line bundle on SC , with 
singularities along D. 

1. For any real constant A, there are only finitely many effective cycles z G 
Z^(^T) such that c\eg^ K z < A and h-gr(z) < A. 



P. Then 




(1.1) 



%(z) - h& (z)\ < a + plog R (h^ o (z) + 7) 
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2. There exists a positive constant n such that bng{z) > — n deg^ K z for every 
effective cycle z S Zfj(^). 

The techniques employed for the proof of the main theorem were initially in- 
spired by the work of Carlson and Griffiths on the defect relation for equidimen- 
sional holomorphic maps, in higher dimensional Nevanlinna theory [3]. Moreover 
(jl.ip may be interpreted as a vast generalization of the naive Liouville's inequal- 
ity for the distance between an algebraic number and a rational number. This 
point of view is conceptually interesting, since it opens the natural question of 



finding an analogue to Roth's theorem for the distancq^J between a divisor with 



simple normal crossings and effective cycles of arbitrary dimension (all defined 
over a number field 



(2) 



This paper is organized as follows. 

In Section [5] we review the theory of differential forms with logarithmic sin- 
gularities necessary in the rest of the paper. In Section [3] we study in detail 
several notions of logarithmically singular hermitian vector bundles. The re- 
sults we recall provide a wealth of constructions to which Theorem 11.11 and 
Theorem 11.31 apply. Both sections are complemented with examples for a bet- 
ter understanding of the theory. In Section 2] we establish global bounds for 
real log-log growth (l,l)-forms. An outstanding consequence is a decomposition 
theorem (Theorem I4.3[) for pre-log-log functions, which plays a crucial role in 
the proof of the main theorem. In Section [5] we prove estimates for integrals of 
pre-log-log forms appearing in the archimedian part of the definition of height. 
This leads to the proof of the main theorem in Section [6l where the reader will 
find an overview of the theory of heights in Arakelov geometry. In Section [7] 
we present some examples of good hermitian line bundles interesting for arith- 
metic purposes (for instance in relation with Theorem 1 1.3j) . We treat the case 
of fully decomposed automorphic vector bundles on locally symmetric varieties, 
the relative dualizing sheaf of the universal curve over the moduli space of stable 
curves, equipped with the family hyperbolic metric, the Wcil-Pctcrsson metric 
on the moduli space of curves and the Kahler-Einstein metric on quasi-projective 
varieties. Finally, in the Appendix we prove a Bertini's type theorem needed 
for the preliminary reductions in the proof of the main theorem. 

Acknowledgements. I am deeply indebted to J.-B. Bost and J. I. Burgos Gil 
for proposing me to work on this subject as the starting point of my PhD. thesis, 
and for their guidance and constant encouragement. During the preparation of 
this paper I benefited from stimulating discussions with several people: I warmly 
thank S. Fischler, U. Kiihn, V. Maillot, C. Mourougane and D. Roessler for the 
time they devoted to me. Their useful advice is reflected throughout the paper. 

This work was presented, in a preliminary form, at the Internationales 
Graduiertenkolleg Arithmetic and Geometry of the Humboldt-Universitat zu 
Berlin and the ETH of Zurich, in May 2005. I am grateful to J. Kramer for 
inviting me to talk to their summer school. 



(^Suitable candidates for the logarithm of the distance are provided by the height integrals 
introduced in J5] below. 

( 2 'The height morphism h-^ is denned for any pre-log-log hermitian line bundle jSf, with 
singularities along a divisor in 5£{C). However, for the main theorem to hold, the divisor 
needs to be defined over a number field. This essentially goes back to the construction of 
transcendental numbers due to Liouville. 
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2 Differential forms with logarithmic singulari- 
ties 



Let X be a complex analytic manifold and F a closed analytic subspace. In this 
section we introduce several notions of differential forms on X with logarithmic 
singularities along F, relevant to our work. We distinguish the case of functions 
from the case of differential forms, since the former can be presented in a more 
general geometric frame. Indeed, while we can define functions with logarithmic 
singularities along an arbitrary closed analytic subspace F, the appropriate 
analogues for differential forms of any order require F to be a divisor with 
normal crossings. 



2.1 Functions with logarithmic singularities 

Let X be a complex analytic manifold and F a closed analytic subspace of X. 
We denote by Xp C Ox the ideal sheaf defining F and supp(F) for the support 
of F. For every x G X, there exist an open neighborhood V and holomorphic 
functions s±, . . . ,s m € Ox{V) such that 

i. the germ of ideal sheaf Ip,x is generated by si, . . . , s m ; 

ii. the trace of the support of F on V is supp(F) n V — {z G V \ s\{z) — 
... = s m (z) = 0}. 

Since Ox is a coherent sheaf, so is Ip. Then, given s\, .. . ,s m as above, after 
possibly shrinking V, si, . . . , s m generate all the germs Xp, z for z £ V. In this 
case we say that sj., . . . , s m generate 1f\v an d we write T F \y — (si, ■ ■ ■ , s m ) as 
a shortcut. The reader is referred to [5] for further details on analytic spaces. 

Definition 2.1. Let X be a complex analytic manifold and F C X a closed 
analytic subspace. A smooth function / : X\supp(-F) — > C has logarithmic sin- 
gularities along F if for every open subset V of X such that Tf\v — ( s ii ■ ■ ■ > s m) 
and every relatively compact open subset V' CC V, there exists an integer 
N > such that 



(2- 1 ) l/|v>w PPW H 



log( max | s; |) 1 



N 



For a function f : X \ supp(-F) — ► C to be with logarithmic singularities 
along F it is enough that (|2.1|) be satisfied for a given open covering of X and 
given local generators of Xp ■ This is the content of the next lemma. 

Lemma 2.2. Let X be a complex analytic manifold and F a closed analytic 
subspace. Fix an open covering {Va} a of X such that X F \ Va is generated by 
s", . . . , . Suppose given V' a CC V a still forming an open covering of X . 
Then a smooth function f : X \ supp(_F) — > C has logarithmic singularities 
along F if, and only if, for every a there exists an integer N > such that 

N 

,j -< lo g( max kri)" 1 

> J I V^\supp(F) I i=l ... m« 

Proof. Left as an easy exercise. □ 
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Lemma 2.3. Let X be a complex analytic manifold and F , G closed analytic 
subspaces withswpp(F) — supp(G). A smooth function f : X\supp(F) — ► C has 
logarithmic singularities along F if, and only if, it has logarithmic singularities 
along G. 

Proof. Write I, J for the ideal sheaves of F, G, respectively. Let V be an open 
neighborhood of x G X such that Zjy = (si, ...,s{) and J7|y = (fi, . . . , t m ). 
By Hilbert's Nullstellensatz (see (4.22) in [6]), after possibly shrinking V, there 
exists an integer N > such that 



m / 

j=i i=i 



for some holomorphic functions Af , . Hence, if V' C V is a relatively compact 
open subset, there exists a constant C > such that 

Sil^ < C max \tj\, \tj\ N < C max \si\. 

j— l,...,m i=l,...,i 

The lemma follows. □ 

The meaning of the lemma is that the notion of function with logarithmic sin- 
gularities along F depends only on the support of F. 

Proposition 2.4. i. Let X be a complex analytic manifold and F, G closed an- 
alytic subspaces with supp(-F) C supp(G). A smooth function f : X\supp(F) — > 
C with logarithmic singularities along F has logarithmic singularities along G. 
ii. Let ip : X — > Y be a morphism of complex analytic manifolds and F C Y a 
closed analytic subspace. If f : Y \ supp(-F) — > C has logarithmic singularities 
along F, then tp*f = f o tp has logarithmic singularities along (p~ 1 (F). If ip is 
surjective and proper, the converse holds. 

Proof. The first item i is straightforward. We shall prove the second part ii. 
Let V be an open subset of Y such that If\v — ( s ii • • • j s m)- The ideal sheaf 
of ip^ 1 (F n V) is (<p*si, . . . , ip*s m ). Let {V^} Q be an open covering of V by 
relatively compact subsets. For every open U CC <y3 -1 (V) define U a = U fl 
( < 9~ 1 (V r Q ,). Then U a is relatively compact in ^ -1 (V) and <p{U a ) C V Q . The 
estimate 



l/|y„\su PP (F)l 



log( max 



implies the corresponding inequality for <p*(f) on J7 a . 

We now prove the converse under the surjectivity and properness assumption. 
Let V be as above and V CC V an open subset. Since <p is proper, 93" 1 (V) 
is relatively compact in tp _1 (V). The hypothesis of logarithmic singularities of 
tp* f asserts the existence of an integer N > such that 



|^V| ¥ -M^'WpCF))H log (max \<p*Si\) 1 

i— l...,m 

We come up with the conclusion by the surjectivity of ip. 



□ 
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2.2 Differential forms with logarithmic singularities 

Definition 2.5 (Divisor with normal crossings). Let A be a complex analytic 
manifold of dimension n. A reduced analytic subspace D of A is a divisor 
with normal crossings if X can be covered by open subsets V with coordinates 
Z\, . . . , z n such that D C\V is defined by z\ ■ . . . ■ z m — 0, for some < m < n. 
We say that D has simple normal crossings if it can be written as a finite union 
of smooth analytic hypersurfaces of X. 

Definition 2.6 (Adapted analytic chart 2j). Let X be a complex analytic 
manifold of dimension n and D a divisor with normal crossings in X. An 
analytic chart (V; {zi}f =1 ) is said to be adapted to D if \zi\ < 1/e, i = 1, . . . , n 
and D (~l V is defined by zi ■ . . . • z m = 0, for some < m < n. The integer m 
will be understood when no confusion can arise. 

Notation 2.7. Let A be a complex analytic manifold and D C X a, divisor 
with normal crossings. Let (V; {zi}i) be an analytic chart such that D n V is 
defined by z\ ■ . . . ■ z m = Q. We define 

f , dZ , k ifl<fc<?71 

rfa = <^ ^ log|Zfcl ~ " 

I dzk, u k> m 

and similarly for d^. Given /, J ordered subsets of {1, . . . , n), we abbreviate 

rfC/Ado = A d & A A 

In the following definitions we write A for a complex analytic manifold of 
dimension n, D a divisor with normal crossings in X, U — X\D and i : U X 
for the natural open immersion. The sheaf of C°° complex differential forms on 
U is denoted by 

Definition 2.8 (Poincare growth forms [14 ). The sheaf of Poincare growth 
forms on A, with singularities along D, is the subalgebra Vd of l*£{j gener- 
ated, on every open analytic chart (V; {zi}i) adapted to D, by C°°(V \D,C)n 
Lfo c (V, C) and the differential forms d(k, d^k, k — 1, . . . , n. Namely, for every 
analytic chart (V; {zi}i) adapted to D, l*££j(V) is the C-vector space generated 
by differential forms 

^2 ai,jdCi A d(j 

1,3 

where aj : j € C°°(V \ D) are locally bounded on V. 

Definition 2.9 (Good forms [14j). A good differential form on an open subset 
V of X, with singularities along D, is a section uj £ T(V,Vd) such that dco 6 
T(V,V D ). 

Definition 2.10 (log-log growth forms 0). The sheaf of log-log growth forms 
on A, with singularities along D, is the subalgebra Co of generated, on 
every analytic chart (V; {zi}i) adapted to D, by the functions / E C°°(V\D, C) 
such that on every open V' CC V 

m 

(2.2) \f(z 1 ,...,z n )\^l[(log\og\z k \- 1 ) N 

k=l 
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for some integer N > 0, together with the differential forms d(k, d^k, k = 
l,...,n. 

Remark 2.11. Observe that the following inequalities hold: 

mm m 

Haoglogl^rT < ^(logloglzfel- 1 )^ 1 < 2" 1 - 1 jJOoglogl^r 1 



Nm 

iugiu S |^ fc | ) 

k=i fc=i fe=l 



Therefore, a smooth function / on V \ D has log-log growth along D if, and 
only if, for every open V' CC V there is an estimate 



(2-3) i/i^H^Gogiogi^rT 

fe=l 



In concrete computations involving functions with log-log growth, we may use 
either formulations (12.21) or 



Proposition 2.12. Let f : X \ D — > C be a smooth function. Suppose that df 
has log-log growth with singularities along D. Then f has log-log growth with 
singularities along D. More precisely, for every analytic chart (V; {zi}i) adapted 
to D and every open V' CC V , if df = ■ gjdQ + y\ hjdQ with 



, D i\h ]lv , XD \~<Y[(\og\og\ Zk n N , 

then we have 



\9j\v\z 

k=l 



i/i^^H^aogiogi^r 1 )^ 1 n (logiogi^rT 

Proof. After localizing to an analytic chart adapted to D we reduce to V — 
A I/ e X A i/ e with V\D = A- e x A^Let < e < 1 and U s = A^ /e x A* /e 
be contained in V. Let (wi, . . . , w n ) £ U e \D. Fix 1 < i < r. Define the curve 

7 : [0, 1] — > V 

1 1 — ► (twi + (1 - t)- -,w 2 , ■ ■ .,w n ). 

e\wi\ 

Then we have 

(/°7)(l)-(/°7)(0)= / l*{df). 

Jo 

Now we write 

dz\ \ ( dz\ 



where g, h £ C°°(U^ \ D, C) satisfy 



zi log |zi| 1 



\g\,\h\ -< rjaoglogl^r 1 ) 7 " on U E \D. 



k=l 
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A straightforward computation yields 



1 

* 

7 



< m n (logiogi^r 1 )^- f\\o g iog^\ Zl \-T ^T^ 1 dt 

h e Jo log7*|zi| 

< (log log kt 1 )^ 1 n (logiogi^r 1 )^. 

Kj<r 



It follows that 

\f(wi,...,w n )\ -<f t xf^ 

By induction we find 



Ve|wi| 

-(loglogl^r 1 )^ 1 [] (loglogl^-r 1 ) 

Kj<r 



. . .,W n )\ < f jj- E SUp |/(zi, . ..Z n )\ 



1 A r , xA s , 

e/e e/c 



1\7V 



+^(iogio g |mr 1 ) A,+1 n aogiogi^r 1 ) 

i—1 i<j<r 

Observe that the sup is finite because / is smooth on I \ fl. The proof is 
complete. □ 

Definition 2.13 (pre-log-log forms [2]). The sheaf of pre- log- log forms on X, 
with singularities along D, is the subalgebra £^({D)) prc of generated by 
log-log growth forms ui in Co such that doj, 3lj and d 8 u> are also log- log growth 
forms in Co- 

A particular case of pre-log-log forms that deserves to be distinguished is 
that of P-singular functions. 

Definition 2.14 (P-singular function). Let / : X\D — > C be a smooth function. 
We say that / is a P-singular function, with singularities along D, if, and only 
if, df and dd c f have Poincare growth along D. 

Corollary 2.15. Let f : X \ D — » C be a P-singular function. Then, for every 
adapted analytic chart (V; {zi}i) and every open V CC V , we have 



\/v'\d\ -< ^^(log log J ) 



k=l 

Consequently, f is a pre-log-log function. 

Proof. This is a straightforward application of Proposition ^. 121 □ 

For later computations it will be worth having at our disposal the following 
basic properties of log-log growth forms. 
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Proposition 2.16. i. Any log-log growth form is locally integrable. Moreover, 
log-log growth functions and log-log growth 1-forms are locally L 2 . 
ii. (Stokes' theorem for pre-log-log forms.) If lu G T(X, £ x ((D)) prc ) and [w] 
denotes its associated current, then 

d[ui] = [dus] 

and similarly for d, d and d d. 

Hi. If f : X — > Y is a morphism of complex analytic manifolds and Dx C X, 
Dy C Y normal crossing divisors with f~ 1 (Dy) C Dx, then f*T J D Y Q Td x 
and f*Cn Y £ £d x - Therefore /*££((ZV)) pre C £ x ((Dx)) pr c- In particular, 
this is true for f being the natural inclusion of a complex analytic submanifold 
ley intersecting Dy transversally and Dx — Dy n X . 

Proof. The proposition quotes [2], Proposition 7.5 and Proposition 7.6. How- 
ever, for later use, we may comment on the proof of i. After changing to polar 
coordinates, it is enough to observe that for every < 5 < 1 we have an estimate 

e/e n , -ixiv dt f e/e dt 

( loglog< ~) t^ew^L t ( iog^ 1 )^ <+o °- 

□ 

We finally give an example showing that the notion of pre-log-log function 
depends on the compactification X of U. 

Example 2.17. Let X = Pg with projective coordinates (wq : w\ : w^). As 
divisor with normal crossings set D = (wq = 0) U (wi = 0). Define the smooth 
function on U — X \ D 

i \ Kl 2 

g(w :wi :w 2 ) 



\wq\ 2 + \wi\ 2 

Denote by X the blowing-up of X at (0 : : 1). X admits the following 
description: 

X = {{(w Q : wi : W2), (zo : Zi)) £ ^ x Pj. w zi = wiz } ■ 

The map realizing the blowing-up is the projection onto the first factor ir : X — > 
X. In particular, since (0 : : 1) £ D, we have an isomorphism 7r _1 (C/) [/, 
and 7r _1 (Z?) is a divisor with normal crossings. Observe that the pullback of g 
by 7r is 

f((w ■ wi : w 2 ), (z : 21)) 



,^ol 2 + N 2 ' 

The function / extends to a smooth function on the whole X, in particular pre- 
log-log along 7r _1 (£>). However, we claim that g is not a pre-log-log function 
along D. To see this we compute d g. We may localize at the afhne neighborhood 
w-2 of (0 : : 1) and write u — W0/1V2, v = Wi/ui2- In coordinates it, v we 
find 

u| 2 |w| 2 / du dv^ 



o 

5_ (M 2 + H 2 ) 2 V u 

But the function |m| 2 |w| 2 log |m| _1 /(|m| 2 + M 2 ) 2 does not have log-log growth 
along D, as we see after restriction to |u| = This proves the claim. 
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2.3 Variants: log-log forms 

Following [3J we introduce a variant of the sheaf of pre- log-log forms, by imposing 
bounds on all the derivatives of the component functions of the differential forms. 
There are also corresponding variants for Poincare growth forms and good forms, 
for which we refer to loc. cit. 

We fix a complex analytic manifold X and D C X a divisor with normal 
crossings. Write U = X \ D and i : U X for the natural open immersion. 

Definition 2.18 (log-log functions of infinite order [3]). A smooth function 
/ : X \ D — > C is said to be a log-log function of infinite order, with singularities 
along D, if for every analytic chart (V; adapted to D, every open V' CC V 

and multi-indices a = (a\, . . . , a„), (3 = {(3\, . . . , /3„), there is a bound on V 



flM d \f>\ 



^n^iOogiogi^rT 



where z a "* = z" 1 . . . zj^ m (similarly for z 13 ) and N depends on V', a, (3. 

Definition 2.19 (log-log growth forms of infinite order [3]). The sheaf of log-log 
growth forms of infinite order on X , with singularities along D, is the subalgebra 
of t*£jj generated, on every analytic chart V adapted to D, by log-log growth 
functions of infinite order and the differential forms d£fc, d^k, k = 1, . . . ,n (see 
Notation UTTj) . 

Remark 2.20. Let u> be a log-log growth form of infinite order along D, defined 
on some analytic open subset of X. Then the complex conjugate Co is also a 
log- log growth form of infinite order along D. 

Definition 2.21 (log-log forms ;3 ). The sheaf of log-log forms on X, with 
singularities along D, is the subalgebra £jj-((D)) of l*£^ generated by log-log 
growth forms u> of infinite order, such that du>, Buj and dduj are also log-log 
growth forms of infinite order. 

Remark 2.22. There is an obvious inclusion ££((£))) C £^((D}) pxe . 

Log-log growth forms of infinite order enjoy of analogous properties to the 
log-log growth forms introduced before. We refer to [3] for details. An advan- 
tage of the sheaf of log-log forms over the sheaf of pre-log-log forms is that a 
Poincare's type lemma holds for the former. The next essential property follows. 

Theorem 2.23 (|3J). The natural inclusion 

n* x ^r x ({D)) 

is a filtered quasi- isomorphism with respect to the Hodge filtration. 

Proposition 2.24. Let f : X \ D — > C be a smooth function. Then f is a 
log-log form, with singularities along D, if and only if, df is locally L 2 on X 
and dd c f is a log-log growth form of infinite order along D. 

Proof. The direct implication is an easy exercise. Let us see the converse. By 
hypothesis, 3d f is a log-log form, with singularities along D. Let x G X. By 
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Theorem 12.231 there exists an open neighborhood V of x and a log-log form uj 
on V such that 

3d f = Buj. 

Therefore, we can write 

df = uj + 9. 

for some holomorphic form 9 on V \ D. Observe that 9 is locally L 2 , because 
d f is locally L 2 by hypothesis and w is a log- log 1-form (see Proposition 12 . 1 6[) . 
By Lemma T2.25I below. 9 must be holomorphic on V. This proves that d f has 
log- log growth of infinite order along D. The same reasoning applied to dd f 
(the complex conjugate of d d f) proves that d f has log-log growth of infinite 
order along D. Therefore df has log-log growth of infinite order. 
Again by Theorem 12.231 after possibly shrinking V, there exists a log-log func- 
tion of infinite order g and a holomorphic function h on V\D such that / = g+h. 
We claim that h is locally L 2 . Since this is true for g, we are reduced to prove 
it for /. But we have already shown that df has log-log growth of infinite order 
along D, so that Proposition 12.121 implies that / has log-log growth along D. In 
particular, / is locally L 2 (Proposition ^. 16} . By Lemma [2. 251 g is holomorphic 
on V and hence / has log-log growth of infinite order along D. This finishes the 
proof. □ 

Lemma 2.25. Let X be a complex analytic manifold and D C X a divisor with 
normal crossings. Let 9 be a holomorphic function on X \D. Lf 9 is locally L 2 
on X , then 9 extends to a holomorphic function on X . 

Proof. The lemma is well-known, but we include the proof for lack of reference. 
It is enough to treat the case when X — A™ C C" and D is defined by Z\ -. . .-z r = 
0, so that X\D = A* r x A*. We write S = (<5i, . . . , S r ) € R r >Q . Since 9 is locally 
L 2 , 

(2.4) ||C : = lim / 5 < +oo 

o — 



where 



h = / \0Y 

'(n^ =1 A e/2 \A, fc )xA= /2 



JJ dz k A dzi 



k=l 



The Laurent series development 

(2.5) 9(zi, ...,z n )= a v z v 



is absolutely and uniformly convergent on any (111=1 \^s k ) x ^"/g- There- 
fore, the integral L$ can be computed term by term: 



z k° z k k \ dz k A dz k \ 

A e/2 \A, fe 



z%'z% k \dz) e Adz k \ 
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Recall that given integers a, b we have 



e ™» e ue de = 2ir s a i 







so that 



(2.6) 



\z k \ 2wk \dz k hdz k \ 

"=1 JAe/2\A»„ , 



• ( II / M^I^Adzfel ) 



We reason by contradiction and assume that 6 does not extend to a holomorphic 
function on A*/ 2 . We can suppose that in (12. 5p there appears a term a„z" ^ 0, 

with i/ = (ui,...,v n ) € Z' <0 x 1 < ? < r. From ((23)1 and by direct 

computation we find 

fc— Z+l \ / k>r 



where 

'log(^) ifi/ fc = -l 

(e/2) 2 ^ + 2 C" +2 



Since a v ^ and J,j fc — > +oo as 5 — ► 0, we see from (|2.7|) that — » +oo as 
6 —> 0. This contradicts (|2.4p . The proof is complete. □ 



3 Logarithmically singular hermitian vector bun- 
dles 

Let X be a complex analytic manifold and D C X a, divisor with normal cross- 
ings. Write U — X \ D and i : U c — > X for the natural open immersion. In this 
section we study vector bundles endowed with hermitian metrics with singular- 
ities of logarithmic type along D. The reader is referred to fJ5]for the several 
definitions and properties of differential forms with singularities of logarithmic 
type along D. 

Definition 3.1 ([3] and [E]). Let £ be a vector bundle of rank r on X. A 
smooth hermitian metric h on E\u is said to have logarithmic singularities along 
D if, for every trivializing open subset V and holomorphic frame e\ , . . . , e r of 
E\ v , putting hij = h(ei, ej) and H — (hij) onV\D, the following condition is 
fulfilled: 

(L(E,h)) the functions \hij\, detH -1 have logarithmic singularities along 
DdV (see Definition ETC]) . 

We say that h is (pre-)log-log (resp. good) along D if moreover, for every such 
data V and e%, . . . , e r , the following property holds: 
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(G(E,h)) the entries of the matrix (d H)H 1 are (pre-)log-log (resp. 
good) forms on V, with singularities along D (see Definition 12. 9[) . 

We will usually write E = (E, h) when no confusion on the metric can arise. 
Sometimes we use some variants of the definition, and we say for instance U E 
has logarithmic singularities along D" or "E is (pre-)log-log (resp. good) along 
D". 

In the case of line bundles, the notions of (pre-)log-log and good hermitian 
metrics can be characterized by slightly simpler properties. 

Proposition 3.2. Let L be a hermitian line bundle on X and h a smooth 
hermitian metric on Lm. Write \\ ■ \\ for the norm associated to h. 

i. The metric h is (pre-)log-log (resp. good) with singularities along D if, and 
only if, for every trivializing open subset V and holomorphic frame e of L\y, the 
function log/i(e, e) is (pre-)log-log (resp. P-singular) on V, with singularities 
along D. 

ii. The metric h is log-log with singularities along D if, and only if, for every 
trivializing open subset V and holomorphic frame e of L\ v , the form d\ogh(e, e) 
is locally L? on V and d d\ogh(e, e) has log-log growth of infinite order, with 
singularities along D. 

Proof. This follows from the definitions and Proposition ^. 121 Proposition ^. 151 
and Proposition ^. 24l applied to the smooth real function log h(e, e) on V\D. □ 

An essential extension property of hermitian vector bundles with logarithmic 
singularities is the following observation due to Mumford. 

Proposition 3.3. Let (E° , h) be a smooth hermitian vector bundle on U . Then 
there exists at most one extension of (E° , h) to a hermitian vector bundle (E, h) 
on X, with logarithmic singularities along D. More precisely, if (E,h) is such 
an extension, then for every open subset V in X 

T(V, E) = {s€ T(V, i*E°) | h(s, s) has log. sing, along DC\V). 

Proof. This is Proposition 1.3 in [14]. □ 

Hermitian vector bundles with logarithmic singularities along D admit the 
following characterization. 

Proposition 3.4. Let E be a vector bundle on X and hs a smooth hermitian 
metric on Em. Denote by h,E v the dual metric. Then hE has logarithmic 
singularities along D if, and only if, the following condition is satisfied with 
F = E and F =~E~ V : 

(L(F, hp)) for every open subset V and any holomorphic section s of F\y , 
the function hp{s, s) has logarithmic singularities along D (~1 V. 

Proof. For the direct implication, first take a holomorphic section s of E over 
an open subset V. We may assume that s does not vanish on V. After pos- 
sibly shrinking V , we can complete s to a holomorphic frame e\ = s, . . . ,e r 
of E\y, By the definition of metric with logarithmic singularities, the function 
fiE(s,s) — h,E(ei,ei) has logarithmic singularities along D. 
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Secondly, let V be a trivializing open subset of E and e\ , . . . , e r a holomor- 
phic frame of E\ v . Write H = (hij) for the matrix of He in base {e{\i and 
H^ 1 = (gij) for the inverse matrix. From the very construction of H~ 1 and 
the logarithmic singularities of the functions and detiJ -1 , it is immedi- 
ate to check that the functions have logarithmic singularities along D. If 
B is the matrix of /i^v in any holomorphic frame of EYy, then there exists 
A e GL r (r(V, Ox)) such that 

B = A 1 ■ H- 1 - A. 

Since the entries of A are holomorphic, the entries of B inherit from H^ 1 the 
logarithmic singularities along D HV. 

Let now s be a holomorphic section of E v over an open subset V. Replacing 
V by a smaller open subset, we can complete s to a holomorphic frame of E^ v , 
v\ = s, . . . , v r . As we have just proven the functions He v {vi, Vj) have logarithmic 
singularities along D, in particular so does fiE v {s,s) — h(vi,Vi). 

Now for the converse. Let V be a trivializing open subset, adapted to D. Let 
ei, . . . , e r be a frame for E\y. Write H = (hij) for the matrix of the hermitian 
metric Ke in base {e{\i. By hypothesis, for every open subset V CC V, there 
exists an integer N > such that on V' 

h E (ei,ei) -< (log |^i • . . . • ZmrY . 

Applying Schwarz's inequality we get 

|%| 2 ^(log|z 1 -....z m |- 1 ) 2Ar . 

The same argument provides similar bounds for the entries of the matrix of h 
in the dual basis, namely H" 1 . Since the determinant of if" 1 is a polynomial 
in the entries of this matrix, we derive a bound 

det J ff- 1 ^(log|z 1 -...-z m r 1 ) M 

for some integer M. This concludes the proof. □ 

As an immediate consequence of the proposition we establish the following 
corollary. 

Corollary 3.5. Let E = (E, He) be a hermitian vector bundle with logarithmic 
singularities along D. For every exact sequence of vector bundles 

— > F — > E — >Q — ► 0, 

the induced hermitian vector bundles F = (F, (restricted metric) and Q = 
(Q,hq) (quotient metric) have logarithmic singularities along D. 

Proof. It is enough to prove that for every exact sequence as in the statement, 
conditions (L(F)) and (L(Q)) hold. Indeed, since E has logarithmic singular- 
ities along D, conditions (L(F )) and (L(Q )) automatically follow by duality. 
Then we conclude applying Proposition 13.41 The validity of L(F) is clear. For 
L(Q), we just observe that if s is a holomorphic section of Q\y and s is a 
holomorphic section of E\y lifting s, then 

hq{s, s) < h E (s, s). 

Thus we see that L(E) implies L(Q). □ 
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We next state the main formal properties of logarithmically singular (resp. 
(pre-)log-log, resp. good) hermitian vector bundles. 



Proposition 3.6. Let E, F be two vector bundles on X and \%e and hp smooth 



Proposition 3.7. Let X, Y be complex analytic manifolds and Dx Q X, 
Dy C Y normal crossing divisors. Let f : X — > Y be a morphism of com- 
plex analytic manifolds. Let E = [E, h) be a hermitian vector bundle on Y 
whose metric is defined and smooth on Y \ Dy ■ 

i. If f~ 1 (Dy) C Dx and h has logarithmic (resp. (pre-)log-log, resp. good) 
singularities along Dy , then the metric f*(h) on f*(E) has logarithmic (resp. 
(pre-) log-log, resp. good) singularities along Dx- 

ii. Suppose that f is surjective, proper and f~ 1 (Dy) = Dx- Then h has 
logarithmic singularities along Dy if and only if f*(E) has logarithmic singu- 
larities along Dx ■ 

Proof. The first item i follows from Proposition 12.41 i and Proposition 12.161 Hi. 
The second item ii is automatically deduced from Proposition 12.41 ii. □ 

Corollary 3.8. Let {E, h) be a hermitian vector bundle on X , with singularities 
along D. Let 0^(1) be the dual of the trivial vector bundle ofV(E), the projective 
space of lines in E v . Denote by ir : V(E) — > X the natural projection. Then the 
metric on 0e(1) induced by 7T*(/i) has logarithmic singularities along tt~ 1 (D). 

Proof. By definition, the line bundle Cb(1) is a quotient of w*(E). The hermi- 
tian metric on 0e(1) is the quotient metric from ir*(E). By Proposition 13. 7\ 
tt*(E) has logarithmic singularities along tt^ 1 (D). Then, by Corollary 13. 51 so 
does the induced metric on Oe(1). □ 

The end of this section is devoted to some counter-examples. 

Example 3.9. i. Counter-example to Corollarv \3.5\ and Corollary ] 3. 8\ for vre- 
log-log hermitian vector bundles. Let X — Aj. be the complex line, with analytic 
coordinate z. Let D be the divisor with normal crossings z = 0. As vector 
bundle we take E = O^ 2 - We consider a hermitian metric h on E such that, in 
the standard basis e%, e% and near the origin, its matrix H looks like 



It is easily seen that (E, h) is pre-log-log along D (actually good). However, the 
induced metric on the line bundle O e (-1) Q n*{E y ) on F{E) = P- x Aj- is not 
pre-log-log. Indeed, identifiy A^ as an open subset of via t *— > (1 : t). If e\, 



hermitian metrics on E^ and F\u, respectively. If hp and Hf have logarithmic 

(resp. (pre-)log-log, resp. good) singularities along D, then E , E<E>F, S k E 
and A k E have logarithmic (resp. (pre-) log-log, resp. good) singularities along 



D. 



Proof. Left as an elementary exercise. 



□ 





s = 
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Then /i v (s,s) = (log l^- 1 )- 1 + \t\ 2 and 




(io g \z\-i)-i+\tr 



t 



If we restrict <9 log /i v (s, s)/ dt to the set C : t = (log \z\ x ) L ' 2 , we find 



which does not have log- log growth near z = 0. 

«. 77ie notion of hermitian vector bundle with logarithmic singularities depends 
on the compactification. Let Y be a smooth complex projective surface. Let p 
be a closed point in Y and 7r : X — » F the blowing-up of V at p. Let D be a 
divisor with normal crossings in Y with p £ D. Then n (D) is a divisor with 
normal crossings. Define U = X \ tt~ 1 (D) and V = Y\D. Then tt induces an 
isomorphism between U and V. Let h be a smooth hermitian metric on toy \v, 
and endow wx \u with the induced metric ir*(h). Assume that (ajx,tr*(h)) has 
logarithmic singularities along ■n^ 1 (D). Then we claim that h does not define 
a metric on toy with logarithmic singularities along D. Indeed, suppose that 
ujy = (coy, h) had logarithmic singularities along D. Then, by Proposition 13. 71 
tt*(lJy) would have logarithmic singularities along 7r~ 1 (Z?). Observe that 



By Proposition 13.31 we would derive the equality 7r*(wy) = lux- However we 
know that 



where E is the exceptional divisor Tr^ 1 (p). Since the self-intersection (E 2 ) = — 1, 
O(-E) is not trivial. We thus arrive to a contradiction and the claim is proved. 
We remark that we can produce such examples just endowing iox with a smooth 
hermitian metric and then restricting it to U. 

4 Global bounds for real log-log growth (1,1)- 
forms 

4.1 Statement of the theorem and consequences 

Let X be a complex analytic manifold and D C X a divisor with simple normal 
crossings. Decompose D into smooth irreducible components, D = D\\J. . .UD m . 
For every Dj. we fix a global section Sk of O(Dk) with divisor div Sk — Dk- We 
endow 0(Dk) with a smooth hermitian metric || • ||& such that \\sk\\k < e ~ e - 
Therefore 1 < log log ||sfc|| -2 < +00 on X. 

Notation 4.1. For every integer N > we define the real positive smooth 
function on X \ D 




7T*(u)y)\v = ^x\u- 



it*(ujy)=ujx®0(-E) 



9 iV = ^(loglog|| Sfc ||- 2 ) 



k=l 
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The purpose of this section is the proof of the following global bounds for 
real log-log growth (l,l)-forms on a compact complex analytic manifold. 

Theorem 4.2. Suppose that X is compact and let u> be a smooth positive (1,1)- 
form on X. Let r\ be a real log-log growth (l,l)-form on X, with singularities 
along D. Then there exist constants A,B>0 and an integer N > such that 
on X\D 

(4.1) r) + BQ N {dd c {-@ x ) + Aw) > 0. 

If moreover rj has Poincare growth along D, then N can be chosen to be 0. 



The proof of the theorem is postponed until Now we may discuss a 

result appearing as a particular instance of Theorem 14.21 

Theorem 4.3. Suppose that X is compact and let w be a smooth positive (1,1)- 
form on X . Let f : X\D — ► K be a pre-log-log function, with singularities along 
D. Then there exist positive pre-log-log functions, with singularities along D , 

<p,i>:X\D^R> 

and constants A, B > 0, N G Z>o with the properties 

i. f is the difference of <p and if): f = ip — ip; 

ii. the following inequalities hold on X \ D: 

uj v :=dd c (-tp) + BQ N (dd c (-&i) + Aw) > 0, 
uv :=dd c (-ip) + Be N (dd c (-&i) + Alj) > 0. 

If f is P-singular, then N can be chosen to be 0; 
Hi. if f is P-singular, one can take ip, to be P-singular with 

dd c (-ip)+Aw > 0, 
dd c (-?P) + Auj > 



onX\D. 

Proof. Since X is compact, from the log-log growth of / it is easily seen that 
for some constant C > and integer M > 0, 

/ + CQ M > on X \ D. 

If / is P-singular, then by Corollary 12.151 we can take (as we do) M < 1. We 
define (p = f + CQm and ip = CQm- These are positive pre-log-log functions, 
with singularities along D (see Lemma [4.71 below). If / is P-singular (hence 
M < 1); then (p, ip are P-singular (again by Lemma |4~7|) . By Theorem 14. 21 there 
exist constants A, B > and N G Z>o such that 

:= dd c (-(p) + BQNidd^-Oi) + Alj) > 

and 

to- ■= dd c {-%P) + Bejv(dd c (-ei) + Auj) > 
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hold on X \ D. Hence tp = tp and ip = ip satisfy the requirements of i and ii. If 
/ is P-singular, then dd c (—ip), dd c (—ip) have Poincare growth along D and we 
may take N = 0. In this case we have 

up =dd c (-(p) + mBdd c (-Q 1 ) + mABuj 
—dd c (-(tp + mBQi)) + mABto 



and similarly 



oj~ = dd c (-(ip + mBQi)) + mABuj 



In view of these equalities, ip — ip + mBQi and ip — ip + mBQi fulfill the 
requirement of Hi. □ 

We include the next corollary for its own interest, but we will not need it in 
the sequel. 

Corollary 4.4. Suppose that X is compact and Kahler. Let to be a Kahler 
form on X . Let f : X \ D — » K be a P-singular function and f = ip — ip a 
decomposition as in Theorem \4-3\ Hi- Then the functions 

-V,-^:X\D^R< 

uniquely extend to quasiplurisubharmonic functional on X . 

Proof. First of all, since —ip and —ip are pre-log-log along D, by Proposition ^. 161 
we have the equality of currents dd c [—ip] = [dd c (—ip)] and dd c [— ip] = [dd c (— ip)] 
on X. The inequalities 

dd c \~<p] +Auj > 0, 

(4.2) 

v ' dd c [-ip] + Auj > 

then hold on X in the sense of currents. Let U C X be an open subset diffeo- 
morphic to a complex euclidian ball. Because u> is d-closed (Kahler assumption), 
by Poincare's lemma u>\u is d-exact. Since U itself is Kahler, u)\ v is in fact dd c - 
exact. Write wm — dd c h for some smooth function h on U . Then the currents 
dd c [— ip\u + Ah] and dd c [— ip\u + Ah] are positive on U, by (|4.2|) . Since —ip and 

—tp are bounded above and D is polar, tp := —<p\u + Ah, ip := —ip\u + Ah 
uniquely extend to plurisubharmonic functions on U (see [5], Theorem 5.24). 
Since h is smooth, these extensions determine extensions of —<pm an d — V^|(7 
to quasiplurisubharmonic functions on U, clearly unique. The corollary fol- 
lows. □ 

4.2 Construction of pre-log-log functions 
4.2.1 Preliminaries 

Lemma 4.5. Let M be a complex analytic manifold and a, (3, C°° differential 
forms of type (1,0) on M. For every function K > on M, the following 
inequality holds: 

2Re(ia A /?) > -^-a A a - iK/3 A /?. 
K 



( 3 )A quasiplurisubharmonic function on a complex analytic manifold M is an upper semi- 
continuous function h : M — » [— oo, +oo[ which is locally the sum of a smooth function and a 
plurisubharmonic function. 
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Proof. On one hand, the (l,l)-form 



/i = lia/K 1 / 2 + K 1 ' 2 ^) A (o/ICVa + Jjfi/2/3) 
is semi-positive. On the other hand, there is an equality 

fj, = —a A a + 2 Re(ia A /3) + iK/3 A /3. 

The lemma follows. □ 

Lemma 4.6. Let L be a line bundle on X . Suppose that s G T(X, L) is a global 
section such that div s is a divisor with normal crossings. Let \\ ■ \\ be a smooth 
hermitian metric on L with \\s\\ 2 < e~ e . For every integer N > 0, the smooth 
function 

6 N = (log log PH- 2 )^ :X\divs^R>i 

is pre-log-log, with singularities along divs. On X\divs the following identities 
hold: 

d\og\\s\\- 2 



dO N = N9 N -i- 



log || S | 



dd c {-e N ) = dl ^ + 1 ±d6 N ABe N ~N9 N ^- Cl(L) 



N8 N 2n 1 " JV - x log|| S ||-2' 

provided N > 1. If N = 1, 9\ is P -singular along divs. 

Proof. The lemma is trivial for N = 0. We suppose N > 1. First of all we 
remark that 9n has log-log growth along divs. Next we compute 88n and 
dd c (-6 N ) onX\ divs. We find 



(4.3) d6 N = N9 



Slog ||«| 



^"loglMI- 2 

and 

dd c { _e N) = -±dBe N = -i-Nde^ a BXo ^ 2 



2k" " JV 2vr log||s| 



-2 



* wfl glogjNl 2 Adlog||s|| 2 

+ — l\U N -l ||_ 2 \2 

2tt (log 2 ) 2 

* ATa dd\og\\s\\- 2 

— — iVfAr_i— . 

27T l°g|| s ll 

To simplify the last equality, rearrange terms, use (|4.3[) and the trivial fact 

9n- 
gct 



At+m = 0n9m, and recall that onI\ div s we have Ci(L) = dd c log ||s|| 2 . We 



(4.4) dd c (-6 N )= 01 ^ + 1 -Ld6 N Ad9 N -N0 N ^- C]U) 



N6 N 2tt 1 " JV " x log ||s||- 2 ' 

Observe that the quotient (6\ — N + 1)/N9n is bounded, so it has log-log growth 
along divs. Also the function 1/log ||s|| -2 is bounded and c\(L) is smooth, so 
that ci(L)/log ||s|| -2 has log-log growth along divs. Hence from (I4.3|) and (|4.4|) 
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we see that it is enough to prove that 39m has log-log growth along divs or, 
still, that Slog ||s|| -2 / log ||s|| -2 has log-log growth along div s. 
Let V be an open analytic chart adapted to div s such that L\ v can be trivialized 
and s = Z\ . . . z m e, where e is a holomorphic frame of L\y. We can write 

d log ||s||~ 2 _ d log He||~ 2 -A log|z fc l dz k 

log||s||- 2 ~ log||.s||- 2 f-j log||s||- 2 Zfeloglzfe)" 1 ' 

fc— i 

The differential form 9 log ||e||~ 2 is smooth on V and (log ||s|| -2 ) -1 is bounded 
on V, so that the first term is bounded on any small enough open V' CC V. As 
for the sum, we observe that log \zk\/ log ||s|| -2 is bounded on any small enough 
open V CC V, because log ||s||- 2 = log ||e||- 2 + £™ 1 log \ Zj \~ 2 and log ||e||- 2 
is smooth. Hence <91og ||s|| -2 / log ||s|| -2 has log-log growth along divs. The 
proof is complete. □ 

Lemma 4.7. Under the hypothesis of §4-l\ an d with the notations therein, the 
functions Qjy are pre-log-log, with singularities along D. If N — 1, then 0i is 
P-singular. 

Proof. Write = (loglog ||sfe||fe 2 ) W , ®n = ^Hi^n and apply LemmaSSI 

□ 



4.2.2 Local results 

Let L be a line bundle on X admitting a global section s € r(X, L) whose 
associated divisor div s is smooth and irreducible. Let || • || be a smooth hermitian 
metric on L with ||s|| 2 < e~ e on X. Define, as before, the function 

6 l = log log ||s|r 2 :X\divs — > M>i. 

By Lemma 14.61 we can write 

i <91og||s||- 2 A<91og||s||- 2 ci(l) 



(4.5) dd c (-6»i) = 



2tt (log||s|h 2 ) 2 log - 2 " 



Let (V; z%, . . . , z n ) be an analytic chart adapted to div s with V n div s ^ 0. We 
suppose that Liy can be trivialized and we denote u for a holomorphic frame 
such that s — z\u. In local coordinates equality (14. 5p becomes dd c (—9i) = 
a + (3 + 7, where 



<91og|zi| 2 A<91og|zi 



2tt 



(log INI- 2 ) 2 

dzi A dzi 



^TrlziPaoglz!!- 2 ) 2 ^ 



0:-- 



2 Re 



91og \zi\ 2 A <91og ||u||" 



=2aRe 



2tt (log || s 

i dzi A 91og ||u|| 2 
2^ ^(logl^l- 2 ) 2 



|| S ||- 2 ) 2 
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* d\og\\u\\ 2 Ad\og\\u\\ 2 ci(L) 



2tT (l0g|| S ||- 2 ) 2 l0g|| S | 



and a — (log \z x / log |s||) 2 . Decompose 91og||u|| 2 = ^2^—iqjdZj, where the 
functions qj are smooth on V . Then f3 can be expanded as a sum /3 = Y^j=i fih 
with 

i dz\ A dfj 



/3j := 2a Re I (ft 



'27T «l(log|jSl|-*) S 

Proposition 4.8. Let L be a line bundle on X admitting a global section s E 
T(X, L) such that div s is smooth and irreducible. Let || • || be a smooth hermitian 
metric on L with \\s\\ 2 < e~ e and define Q\ — log log ||s|| -2 . Let u be a positive 
(l,l)-form on X . For every analytic chart {V; z\, . . . , z n ) adapted to div s and 
any open V' CC V intersecting divs, there exists A > such that on V \divs 

nr, „ \ , ^ 1 i dzi A dz 1 

dd C (-0! +AUJ> — — -j \2?] 1 ,_ 2 x 2 - 

4 2tt |zi| 2 (log|2:i| 2 ) 2 

Proof. Without loss of generality, suppose supy | log ||u|| and supy \qj | finite for 
all j (otherwise, replace V by a relatively compact open subset containing V). 
We divide the proof into three steps. 

Step 1. Observe that because log ||s|| = log \ z± \ +log ||u|| and log ||tt[| is bounded 
on V, the function a uniformly tends to 1 as z\ tends to 0. Therefore there 
exists an open V" C V such that 1/2 < a < 2 on V" \ divs. For later need, 
we take V" so that V \ V" does not intersect div s. On V" \ div s the following 
inequality holds: 

1 t dzi A dzi 
(4.6) a>>- : 



2 2 7 r|z 1 | 2 (log|z 1 |- 2 )= 



Step 2. Define C = maxj supy \qj\. Shrinking V" if necessary, we assume that 
\zi\ < 1/16»(C + 1) on V" . Since a < 2 on V", we have 

„ / i dz\ A dz\ \ . . i dz\ A dz~\ 

p! = 2aRe — q x z r 1 1 > -AC\z x \ 



(4 7) ^ '^{log^- 2 ) 2 ) ~ 1 i| 2 7 r|z 1 | 2 (log|z 1 |- 2 ) 2 

1 i cfei A dzi 



4n 27T |zi| 2 (log |zi| -2 ) 2 

on V" \ divs. Fix a constant K > 8nC. Applying Lemma l4~5j for every j > 1 
we find 



(AR\ a ■> d Zl Ad Zl orK ± dzjAdzj 

Pj ~ Z K2K\ Zl \ 2 {\og\ Zl \- 2 ) 2 ^ K 2^{\og\ Zl \- 2 ) 2 



also on V" \ divs. From inequalities (|4.7ll and (|4.8|) we derive that 
I / dz\!\dz\ r>^ r ^^- * dzjAdzj 



(4 ' 9) P ~ 4 2 7 r|z 1 | 2 (log|z 1 |- 2 ) 2 2Cif ^2^(logVi|- 2 V 
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holds on V" \ divs. 

Step 3. To conclude, add up fO]l and ((43|) to find 

4.10 dd c (-0i > - — — - -2CX ) - J . J + 7. 

4 2tt Izil^loglzil- 2 ) 2 ^ (log kih 2 ) 2 

on V" \ div s. The last two terms in (I4.10p define a smooth differential form on 
V \ div s, bounded on V" \ div s. Hence, there exists a constant A > such that 

/.-.-. \ . 7^ / /, x < ^ 1 i dz\ A dzi 

4.11 dd c -0!)+^>- — 

4 2tt |zir(log |zi| 2 ) 2 



holds on V"\div s. Because 9\ is smooth away from div s and V \ V" is compact 
and disjoint from divs, after possibly increasing A inequality (|4.1ip holds on 
V \ div s as well, as was to be shown. □ 

4.2.3 Global results 

We keep the hypothesis and notations of ij4.11 

Proposition 4.9. Suppose that X is compact and let to be a smooth positive 
(l.l)-form on X. Let L be a line bundle on X admitting a global section s £ 
T(X,L) such that divs is a divisor with normal crossings. Let || • || be a smooth 
hermitian metric on L such that \\s\\ 2 < e~ e . Define 9m — (log log 2 ) JV 
for any N G Z>o- Then there exists a constant A — A(N) > such that 
dd c {-9 N ) + Acj>0 on X\ divs. 



Proof. The case N = is trivial. We treat the case N > 1. By Lemma T4. 61 the 
following identity holds: 

dd c (-e N )= 9l \ N n +l ^d6 N Ad9 N -N6 N -i- Cl(I) 



N6 N 2ir" 1 " — ^- A log Hs||- 2 " 

First of all, the function 0/v-i/log l s ll~ 2 is bounded and the differential form 
Ci(L) is smooth on X. Since X is compact, there exists a constant A > such 
that 

(4.12) - N6 N - U Cl ;7 , + > on X \ divs 

log || s|| 1 2 

Still by the compactness hypothesis and by the very definition of 9i, there 
exists an open neighborhood V of divs such that Buy > N — 1. Moreover 
i d 6m A d 9n > 0, so that 

(4.13) 9l ~ N n +l ^d9 N Ad6 N >0 on F\divs. 

N 9n 27T 

Finally, since 9 m > 1 is smoooth on X \ div s for every integer M > and X \ V 
is compact, after possibly increasing A we have 

(4-14) ° l ~ N a + 1 ± d9 N A ggjv + ^ > on * \ V. 

Equations (|4.12p , (I4.13P and (|4. 14[) together give the desired positivity property. 

□ 



23 



Corollary 4.10. Suppose that X is compact and let lu be a smooth positive 
(l,l)-form on X . For every integer N > there exists A = A(N) > such that 
dd c (-Q N ) + Auj > holds onX\D. 

Proof. This follows from Proposition 14.91 by writing 9jv = Y^k=i with the 
notation 6$ = (loglog \\s k \\^ 2 ) N . □ 

The last proposition of this subsection provides a first approach to Theorem 
14.21 We may thus place under the hypothesis and notations therein. 

Proposition 4.11. Suppose that X is compact and let uj be a smooth positive 
(l,l)-form on X . For every finite covering {(V^; zf , . . . , z")} a of X by analytic 
charts adapted to D, together with relatively compact open subsets CC V a 
still forming a covering, there exists a constant A > such that 

^. eo+ ^lgA _jgA|L_ 

holds on V^\ D for every a. 

Proof. This follows immediately from Proposition 14.81 □ 

4.3 P roof of Theorem HT2l 

We now complete the proof of Theorem 14.21 

Since X is compact, we can choose a finite open covering V a of X as in 
Proposition 14.111 It is enough to prove the existence of constants A,B,N ful- 
filling (|4.ip on a single CC V a . We write {z{\i for the coordinates on V a , 
instead of {zf}i- Following Notation 12. 7\ we develop 

n 

7 l = Y] h oo^~ d Q A dQ + V 2Be(h jk ^-dCj A 

* — ' Z7T » — ' Z7T 

3=1 j<k 

where the functions hj k , j < k, have log- log growth along D n V a . There exist 
a constant C > and an integer N > such that 

l^jfe|V^\I)| < C&N- 

Therefore, by Lemma |4~51 on V a \ D there is a lower bound 

3=1 ^ j<fc ^ ^ 71 ' 

From this inequality and Proposition 14.111 we see that there exist B > 1 and a 
smooth differential form a on V Q such that 

T) + BQ N (dd c (-ex) + Auj) > N a 

holds on V' a \ D. After possibly increasing A, we also have a + Auj > on V^. 
Since 1? > 1, we finally find 

7] + BQ N (dd c (-&i) + 2Auj) > 

on V' a \ D, as was to be shown. Observe that if r\ has Poincare growth, then we 
can choose N = 0. 
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5 Bounding height integrals 

5.1 Geometric assumptions and statement of the theorem 

Let X be a complex analytic manifold and D C X a divisor with normal cross- 
ings. Let L be a line bundle on X and || • || a pre-log-log hermitian metric on L, 
with singularities along D (see Definition ^. If || • ||o is any smooth hermitian 
metric on L, then we can write 

IHI=e-// 2 ||.||o, 

where / :X\D— »K.isa pre-log-log function. If || • || is good along D, then / 
is P-singular along D. As usual, abbreviate L = (L, \\ ■ ||) and Lq = (L, \\ ■ \\q). 
Suppose now that Y C X is a compact complex analytic submanifold of pure 
dimension d. We assume the following conditions are fulfilled: 

i. the submanifold Y meets D in a divisor with normal crossings E in Y; 
ii. the restriction u := Ci(Lo)|y is semi-positive and 

deg L Y := J^ d >0; 

Hi. there exists a global section s € T(Y,L) such that ||s||q < e~ e on Y and 
div s is a divisor with normal crossings containing E. In particular div s is 
reduced, so that we may indistinctly treat div s as a reduced Weil divisor 
or a reduced scheme. For every integer N > 0, we define the pre-log-log 
function, with singularities along divs, 

£ N = (log log \\s\\ 2 ) N : Y \ divs — > E> x ; 

iv. there exist pre-log-log functions, with singularities along E, 

01, N , <p,ip :Y\E — > M> (N € Z> depending on /) 

with f = if — ip, and bounds 

V < C* M , V < C£ M , 0j < C4, 6jv < C£ Nl 

for some constant C > and integer M > 0. Moreover, if / is P-singular, 
we suppose that M = 1 and N = 0; 

w. there exists ^4 > such that r := dd c (— 0i) + > 0, and for every 
integer Q > there exists ^4q > such that tq := dd c (—lQ) + Aquj > 0. 
For Q — 0, we can choose A$ = 1, so that tq = w; 

ui there exists B > such that 

dd c {-<p) +BO n t > 0, 
dd c {-^) + BO n t > 

hold on y\£ (and so on y \ div s). Observe that by the bounds in iv, we 
then have 

uj v := dd c {-tp) + BC£ n t > 0, 
lo 4 , := dd c {-^) + BC£ n t > 

onf\ div s. 
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The aim of this section is to find bounds for the height integrals 
J p := f f Cl (Ly Cl (L ) d -P, 0< P <d. 



We observe that f Ci(L) p Ci(Lo)^ Y P is a pre-log-log differential form on Y with 
singularities along E, hence locally integrable (see Proposition 12 . 16[) . In partic- 
ular, since E C div s and div s is Lebesegue negligible, the integrals J p can be 
computed on Y \ div s. 

Theorem 5.1. There exist constants a, [3 > 0, R G Z>o, depending only on A, 
{An}n, B, C , M and N , such that, for any p G {0, . . . , d}, 



\J P \ < «deg L Y + P- (de gi Y) ■ log* Qf log Pllo^^y 
//II • || is good along E , then we can take R = 1, so that 

\J P \ < «deg L Y + P- (de gi Y) ■ log U log || s ||- 2 ^l! 



The theorem will be reduced to the bounds claimed by the following two 
propositions. 

Proposition 5.2. Let a be a closed, real and semi-positive pre-log-log (t,t)-form 
on Y , with singularities along div s. Let a, b be integers such that a + b + t = d. 
If CL,b > 0, define the integral 

I(M,a,b,a) = J £ M u^a. 

Otherwise set I{M, a, b, a) — 0. Then, if a > 0, the following bound holds 

I(M, a, b, cr) < BCI(M + N, a - 1, b, or) 
+ CI(M,a- 1,6, o-t m ) 
+ bBC 2 I(2M, a - 1, b - 1, gtt n ) 
+ (a - l)BC 2 I(2M, a — 2, b, ctttjv). 

If f is P-singular (in which case N — and M — 1), then 

7(1, a, b, a) < ABCI(1, a - 1, b, crr ) 

+ (B + l)CI{l,a-l,b, an). 

Similar bounds are true if b > 0, exchanging the role of a and b. 

Proposition 5.3. Let a be a (d, d)-form which is a product of (l,l)-forms of 
the kind r or tq, Q > 0. Let W be the set of integers Q > such that tq 
appears in a. Fix an integer K > 0. Then there exist constants a, (3 > and 
an integer R>0, depending only on A, {An}n, C , K and W , such that 



< J Iko < a deg L Y + /3(deg L Y) log* (J log 



|s|l ° deg L F 



If K = 1 and a is a product of differential forms of the kind Tq, T\ (i.e. W C 
{0, 1}), then we can take R = 1. 
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Assuming for the moment the propositions, we prove Theorem 15. II 
Proof of Theorem \5.1\ We first observe that C\(L) = dd c f + Ci(L ), so that 

(5.1) J P = ib( P ) I f(dd c f) j u d - j . 

Next, on Y \ div s we write / = ip — ip and dd c f = lo^ — We get 

j=0 fc=o ^ / X - JY JY ' 

The coefficients (p can be bounded in terms of dim X (hence independently 
of Y and the hcrmitian line bundles). Therefore we are reduced to bound 
integrals of the kind 

for integers a,b,c > such that a + b + c = d. Since the differential forms 
u'ujw are semi-positive and < tp,ip < C£m, we have to find upper bounds 
for the integrals 

I{M,a,b,w c ) = J tuw^uf. 

Successively applying Proposition ^. 2[ we reduce our problem to find bounds for 
integrals J Y £ko~, where a is a product of (l,l)-forms of type r or tq, for some 
integers K, Q > 0. If / is P-singular, then K = 1 and a is a product of forms 
of type ro and t\ . We conclude by Proposition 15.31 □ 

5.2 Proofs of Proposition [5.21 and Proposition 15.31 

We proceed to prove Proposition [52] and Proposition 15.31 The proofs make an 
extensive use of Stokes' theorem for pre-log-log differential forms. We refer to 
Proposition 1 2 . 1 bl for the statement and references. To simplify the exposition, it 
will be worth having at our disposal the computations summarized in the next 
lemma. 

Lemma 5.4. Let a, b > be integers. On Y \ E the following equalities hold: 
i. 

d(u>*u>%) = aBC{dl N )u a - x u^T + bBC{di N )uj a y- l T- 

ii. 

dd{u%j%) =aBC{ddt N )uj a v - 1 u J \,T 

+bBC{ddi N )u J y- 1 T 

-bBC{di N )d{u a y- i )T. 

Proof. It is enough to apply the definition of w™,, u)^, Leibniz' rule and the fact 
that dd c (—(p), dd c (—ip) and r are d and 9-closed. □ 
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Proof of Provosition \5. 6 A Write I — I(M,a,b,a). We suppose that a > and 
b > 0. We decompose 

u% = dd\-y)u a - r +BCl N TU a -\ 
Accordingly, the integral I decomposes as I = I\ + BCI2 , with 



Bounding I\. To get bounds on I\ we apply Stokes' theorem for pre- log-log 
forms. For this, we first recall that a is closed of degree (t, t) and uj v , uj^, are of 
degree (1,1). Then, by Leibniz' rule, we compute 



--l M dd c {-y)u a - x u b 4 o- 



-tM—di-^d^-^a, 

where we used that dd c = idd /2ir. By Stokes' theorem, we find I\ = I-y^ +/i,2, 
where 



h. 



(de M )B(-ip)^- l ^a, 



1 

'2tt 

Bounding Again we apply Stokes' theorem. By Lebniz' rule we have 



ry 

h,2 = ^~ I iMdi-tfd^tA)*. 



-^{-v){dl M )u a v - x 4a 



=—{dt M )d{-y)u a v - x u%o- 



1 

2tt' 
i 



Therefore, by Stokes' theorem, we get Ii t i — 2i,i,i + ^i,i,2> where 
h,i,i = J ^(-Im)^- 1 ^, 
'1,1,2 = ^ f (-^(d^B^-^a. 



Bounding ^1,1,1. Recall that, by assumption, there exists a constant Am > 



such that tm = dd c (— Im ) + Amuj > 0. Then, since w° l <JLuja is a semi-positive 



form and < ip < C£m, we have a bound 



(5.2) 



h,i,i< I <p(dd c {-£M)+A M u>)u°- 1 ^a 



=CI(M,a-l,b, <jt m ). 
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Bounding /i 1,2- To bound the integral /i,i,2 we first appeal to Lemma 15.41 to 
develop 

d{u> a - l u>\) = (a- \)BC{dt N )^u\r + bBCide^-^T. 
Then we write 7 M , 2 = (a - l)BCl[ 1} 12 + bBCl[ 2) 12 , where 
4% = ^ [ (-<p)(d£ M )(d£ N )^- 2 ^aT, 



Y 



43,2 = ^ J {r<p){di M ){dl N )w^w^ar. 
In these integrals we observe that 

(5.3) idt M Ad£ N = NMl N+M - 2 idh A Bh, 

which is a semi-positive differential form. Since ip > and w^,, cr and t are 
also semi-positive, we find j} 1 ^ 2 — an d /f] 2—0- This shows 

(5.4) Z lil)2 = (a - ljBC/j^ + bBCI (2 } 2 < 0. 
From (|5.2|1 and (|5.4p we conclude with the bound 

(5.5) J M = h xl + 7 M , 2 < C7(M, a - 1, b, ot m ). 

Bounding 1\.2- As before we proceed by successive applications of Stokes' the- 
orem. First of all we compute 



1 

2^ 



1 

2^ 



l M d{-<p) d^w^a 



+ —{-<f>){Bt M )d{^- 1 ^)a 



2tt 
2^r 



By Stokes' theorem we find = h,2,i + h,2,2> with 



v 

Y 

Bounding /i, 2 ,i- By Lemma l5.4l we get the expansion 

d{^w%) = (a - l)BC{d£ N )u*- 2 uj\r + bBC{d £ N )u J a ~ 1 u J b - 1 T. 

Accordingly, we decompose ij. 2,1 = (a — l)BCl[ 2 j + bBClfl 1; where 

p{d£ N ){d£ M )^ 2 u\,ar 

p{d£ N ){d£ M )Lo a - 1 Lo b - 1 cjT. 
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-(1) 




1,2,1 — 


2ttJ y 


(2) _ 




1,2,1 — 





By (|5.3p the differential form id In A 8£m is semi-positive. Since ip > and 
a;^, uty, cr and r are also semi-positive, we have 1 , l[ % 1 < 0. This proves 

(5.6) J 1)2> i = (a - 1)5(7/}^! + bBCI^ < 0. 

Bounding To bound the integral ii.,2,2 we first recall from Lemma 15.41 

dd^ufy = (a - l)BC{ddl N )w*- 2 w*,T 
-{a-l)BC{dt N )d{u a - 2 i4)r 

+ bBC(dBe N )u J a v - 1 u J b f 1 T 
-bBCidi^d^- 1 ^- 1 ^. 

Corresponding to this expansion, we write ^1,2,2 — ( a ~ tyBCIyl 2 + (a — 
l)BCl[ 2 l 2 + bBClf\ 2 + °BCl[ 4 l 2 7 with the obvious notations for the inte- 
grals l[ 3 2 2 ( see below) . 
Bounding We- have 

42,2 = J Y ^Mdd c (-l N )u^ 2 ^aT. 

Recall that for some constant An > the differential form tn — dd c (—lN) + 
Anoj is semi-positive. Moreover < tp < C£m- Thus we find the bound 

(5.7) Jy 

=CI{2M,a~2,b,aTT N ). 

(2) 

Bounding I\ 22 . We write 

( 2 ) — _L / ,„p. r (Ae.A£>(,., a - 1 ,., b ' 



n:i 2 = ^ J tp£ M {d£ N )d(^-^%)ar. 
By (|5.3|) and Lemma [53 i ^(wj" 1 ^) A8£n is semi-positive, so that 
(5.8) 1$ , < 0. 



(3) 

Bounding I± 2 2 . We have 



4%2 = J Y ^Mdd C {-t N )u«- l ^<JT. 

Reasoning as for l\^ 2 2 , we arrive to 

^,2 <C I llM^-^aTTN 

(5.9) Jy 

=CI(2M, a - 1, b - 1, ott n ). 

Bounding j} 4 2 2 . We finally bound the integral 

'S,2 = ^ / tplM{dt N )d{w«-^- l )c 
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Again by f|5.3|) and Lemma [5^1 the differential form id(uj^ x uj h ^ 1 ) A (3£n) is 
semi-positive, so that 

(5.10) l[% < 0. 

We now conclude with a bound for I\ t 2, since the inequalities (|5.6p — (|5. 10[) yield 

Ji,2 < h,2,2 <(a - 1)BC 2 I(2M, a - 2, 6, ctttjv) 
+bBC 2 I{2M, a - 1, 6 - 1, ch-tat). 

As for 7i, the bounds (|5.5p and (|5.1ip lead to 

/i = 7i fl + 7i !2 <CI(M, a-l,b, otm) 

(5.12) +bBC 2 I{2M,a-l,b-l,OTT N ) 

+(a - 1)BC 2 I(2M, a — 2, b, uttn)- 

Bounding I2. We have 

(5.13) h = j Im+n^^t = I(M + N, a - 1, b, or) 

To conclude we put (|5.12[) and (|5. 13[> together and we get 

I = h+ BCI 2 <BCI(M + N, a - 1, b, cjt) 
+CI(M,a-l,b, ot m ) 
+bBC 2 I(2M, a - 1, b - 1, gtt n ) 

1)BC 2 I(2M, a — 2, b, ctttat), 

as was to be shown. 

Suppose now that / is P-singular (so that N = and M = 1). We can write 

w v = dd c {-ip) + ABCw, 
u 4 , = dd c (-i)) + ABCuj, 

where tp = <p + BCQ\ and ip = ip + BCQ\. The same method followed above 
allows to establish the bound 

1(1, a, b, a) < ABCI(1, a-l,b, crr ) 

+ (B + 1)CI(1, a—l,b, an). 

The details are left to the reader. □ 



Proof of Provosition \5.'A Let a be a (d, cQ-form which is a product of (1,1)- 
forms of type r or tq, Q > 0. We write a = t s o\, for some s > and o\ a 
product of forms of type tq. Define 

(5.14) J(K,s,u 1 ) = ^l K r s o x . 

First of all we show how to reduce s to 0. The argument is by induction. If 
s > 0, recalling that r = dd c (— Ox) + Alo we write 

(5.15) t s = dd c (-ei)T"- 1 + Alot s -\ 
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Since tq = uj, we get from the definition of J in (|5.14p and from (|5.15[) 

(5.16) J(K,s,a- L )=AJ(K,s-l,(iiTo) + J £ K dd c {-@x)r s ~ 1 (Jx. 

We next bound the integral on the right hand side of (15.16[) . Since r and o\ are 
d and 3-closed, applying Stokes' theorem for pre-log-log forms we get 

(5.17) J t K dd c {-Qx)T s - l ai = J Qxdd c {-t K )T s - 1 ax. 

Now dd c (—£K) = tk — AkTo, the forms To, tk are semi-positive and < 0j < 
C£\, so that from (|5.17|) and the definition of J we derive 

(5.18) J iKdd^-Q^T 3 - 1 ^ < CJ(1, s - 1, (71TK-). 

Observe that because Ik — £\ and l\ > 1, the inequality ^ < £^ holds. 
Therefore 

(5.19) J(l, s - 1, <jit k ) < J{K, s - 1, CTl r K ). 
From (|5.16p - (|5.19p we arrive to 

J(if, S, (Tl) < AJ(K, S - 1, (TlTo) + CJ(lf, S - 1, CTlTif ). 

Hence we may suppose that s = 0, so that tr is a product tq x . . . tq a . We have 
to deal with 

L(K,Qi,...,Q d ) = J ^KT Ql ...T Qd . 

Again by an inductive argument we show how to reduce all the integers Qi to 
0. Suppose that Q\ > 0. Then we write tq 1 = dd c (—£Q 1 ) + Aq 1 to, so that 

(5.20) L(K, Qx,..., Q d ) = A Ql L(K, 0, Q 2 , . . . , Q d ) + £ K dd c (-£ Ql )ax 

where ci = tq 2 . . . tq a . We study the integral on the right hand side of (|5.20|) . 
Because <j\ is d and 9-closed, by Stokes' theorem for pre-log-log forms we find 



(5.21) 



L 2 := / £ K dd c (-l Ql )ax = ± I [i>< K )(i)l Ql )n l 



7^ j KQxlK+ Ql -2{dlx){d£x)ax- 



By the very definition of £x , we have 



(5.22) dixAdi 



aiog|| S ||o 2 Aaiog||^||o : 
(logPllo 2 ) 2 



On the other hand, since ||s||q < e e , there exists a constant D depending only 
on K + Qi — 2 such that 

(5.23) = (^^NIo 2 ) g+qi - a < jD 1 



(log || S ||o 2 ) 2 (logpllo" 2 ) 2 " (log|| S || - 2 ) 3 / 2 ' 



32 



Moreover observe that 

(5-24) - * 01og || S || - 2 = 2 9(log Nlo 2 )- 1 / 2 . 

(log ||s|| ) 3/2 

Because idlog ||s||q~ 2 A Slog |s||q 2 and u\ are semi-positive, combining (|5.21D 
{OH we get 

(5.25) l 2 < -2f / KQ 1 D{dQo g iH^r^xaiog HsiioV. 

27T Jy 



By Lemma 15.51 below, we can apply Stokes' theorem to the right hand side of 
(|5.25|) and obtain 

(5.26) L 2 < 2^Q 1 £(log|| s ||o 2 )- 1 /W 

By the hypothesis on || ■ ||o, (log ||s||q 2 ) -1 / 2 < 1. Using the positivity of wci, 
from (|5.26|) we derive 

(5.27) L 2 < 2KQ 1 D J uo 1 . 

Now recall that u> is d and 9-closed, and tq = dd c (—lo) + Aquj, so that 

ujcti = Aq 2 . . . A Qd uj d + dd c a 2 
for some pre-log-log form a 2 . Applied to (|5.27p this provides 

(5.28) L 2 < 2Q 1 A Q2 . . . Aq d KD J^uj d = 2Q 1 A Q2 ■ . . . • A Qd KD deg L Y. 

The identity (|5.20|1 together with (|5.28|) imply the inequality 

L(K, Qt,..., Q d ) < Aq 1 L(K, 0, Q 2 , . . . , Q d ) + 2Q 1 A Q2 • . . . • A Qd KD de gi Y. 

Successively repeating this argument, we reduce Q 2 , ■ ■ ■ ,Qd to 0. Hence it 
remains to treat the integrals 

M{K) = ( l K uj d . 



JY 

We want to apply Jensen's inequality. First of all, rewrite 

A 



M{K) = (de gi Y) J t K 



y deg L Y ' 

so that u> d I deg £ Y defines a probability measure on Y. Secondly, the function 
x \— > (logx)^ is concave on ]e^ _1 , +oo[, because 



dx 2 



— (logx) K = — (logx) K ~ 2 (K - 1 - logs). 
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Since ||s|| 2 > e e , in particular e K+1 log ||s|| 2 > e K 1 . We use that log* is an 
increasing function and apply Jensen's inequality: 



M(K) <(de gi Y) J log*(e* +1 log U^^-^ 
<(deg L Y) log* jf log Mlo 

By the trivial inequality x + y < 2xy for real x, y > 1, we finally arrive to 

, 4 



M{K) < (deg L Y)(2K + 2) K log* (J log 



•s 



1-2 



deg L F 



This concludes the proof of the proposition, except for the fact that we can take 
R = 1 when K = 1 and cr is a product of forms tq and n. This last case is 
similarly treated and left to the reader. □ 

Lemma 5.5. Let fi be a closed pre-log-log (d-l,d-l)-form on Y, with singulari- 
ties along divs. Then we have 

— -/ d( 3_ — ] a 9 log I Us 1 1 f7 2 /j. = / ^— = — - A uu. 

2nJ Y \Qog\\a\tfy/*J S " "° » J Y (log|| S || - 2 )i/2 

Proof. The proof of the lemma follows the ideas of Lemma 7.36 in [2]. 
First of all, as for log-log growth differential forms, the form 

9 ( n ii N-2M/2 ) A ai0 § H s llo V = "(log Ikllo 2 ) 172 ^r A^iP 

V(iog||s|| 2 

is locally integrable on Y. Indeed, after localizing to an analytic chart adapted 
to divs and changing to polar coordinates, we are reduced to point out that, 
for every < <5 < 1/2, we have an estimate 

(5.29) (W)»hO^ < [" t(bg ,-V' < + °°' 



Define 



! = -£=[ d ( n iTl^u7? )AglogNloV 
2vr J Y V (log ||s|! ) V V 



We construct a finite open covering {(V„; {zf }i)} Q of div s, by adapted analytic 
open charts. Suppose that via the coordinates {zf } a , is identified with 
A£, e x A*, e (r = r(a)), so that \ D corresponds to AH e x AJ, . We 
further assume that in these coordinates we can write s = • . . . • zfu a , where 
u a is a holomorphic unit. After possibly adding a finite number of adapted 
analytic charts to {(V^; {zf }i)} a , the open subsets V a CC V' a identified with 
/ 2e x AJ/ 2e via the coordinates {zf }, still cover divs. Write ft = U a V a . Take 

a finite open covering {Va}/3 of X \ O, so that Vg n (divs) = for all (3. Let 
{Xn} a U {x/3}/3 be a partition of unity subordinate to {V^} Q U {V^}^, with x-y 
vanishing outside V 1 for all 7 = a, ft. We can expand 
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where 

i r „ / i 



v= ^/vH(S^j Aiib8ll ' ltv 

We first treat the integrals I p. Observe that for any C°° differential form v on 
Y \ div s, the differential form xp v is C°° on y, because X/3 vanishes on Y \ Vp 
and V/3 D (div s) — 0. Moreover the equality d{xpv) — dxp A v + xp A c?^ holds 
on y. For 1/ = i<9<91og ||s||q 2 /27t we find Xl3 u — Xp 10 on Y. These observations, 
together with d/i — 0, yield, by Stokes' theorem, 

(5.30) ^Cbgll-llo 



5' 



i 1 

2TT7? 91 °Sll s llo 2 ( d X/3)^, 



27T (log|| S || - 2 )V2 

On the other hand, for every a define B"(divs) to be the e-neighborhood of 
div s given by 

r 

£«(divs) = |J B»(T k ), 

k=l 

where T k is the divisor z% = in V a and 

B?(T k ) = Alj 2 \ x A e x A[jl x A* /2e c V a . 

Then we write I a = lim £ ^o 4, e , where l a e — I^e + -fo^e + la^l and 

4^ :="^: / d( 1 d\og\\ s \\-^ 

2?r J Y \B ? (dWs) V (log ||s|| Y' 2 



j(2) . = 



1 



r\B ? (div S ) (log ||s|| Y' 2 



^l--=-iz I n ^ 2W2 ^log|N - 2 (rfxa)M^ 
27^ Jy\ B?(divs) (log||s|| )V2 

(2) 

The differential form in is integrable on Y, since it has log-log growth along 
divs (Proposition I2.l6jl . The differential form in la J, is integrable on Y, too. 
Indeed, after localizing to an analytic chart adapted to div s and changing to 
polar coordinates, we are reduced to prove the convergence of the integrals 

(5.3D r ^ gi ° s sj ^ 



(logt- 1 ) 1 / 2 

and 
(5.32) 

/ 1A aoglogt-T n f \ ]1/2f] d " = f 1/E (lo g \o g t-T TTT^J 

Jo (log* ^^tlogf 1 Jo t(logt 1 



)3/2' 



From the boundedness of (loglogi X ) N /(\ogt 1 ) 1 / 2 the convergence of (|5.31j) 
follows. The second one (|5.32p has already been treated (|5.29p . Therefore 
lim^ li 2 l = I a 2) and lim^ J$ = I a 3 \ where 



(log|| S || 2 ) 1/2 

4 3) l n ,\- 2 ~d\o g \\ s \\ 2 {dx a )v. 

2?r J y log s n V2 
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As for the integral Ia)e, after applying Stokes' theorem we find 



r(i) = 1_ 



■91og||s|| 2 X Q ^. 



/as ? (div S ) (log||s|] )V2 
Taking into account that Xa vanishes on d V a , we easily see that 

1 



<«»> i'Sisg^/ 8 , 



/».B,.(T l )(log||»|| - 3 ) 1 ' J 



1 9 log 



with the notation 



d* B™ (Tfe) = A*,"* x3A E x A- fc e x AJ /2e . 
Observe that 9* Bf(T).) is fibered in circles over Tfc, via the projection 
PL = 5* B e {T k ) — > T fe 

(z", . . . , Z^) I ► (z", . . . , Zfc_l, 0, . . . , z^). 

By J a we will mean integral along the fibers of p% £ - We claim that, for every 

k = l 



)•**)' 3 



(5.34) 



Urn 



(logPllo 2 ) 1/2 



l^log ||s[[ 2 X«Ai| = 0. 



Indeed, write s = zf . . . z"u a on V^, where u a is a holomorphic unit. Since XaM 
is a (d — 1, d — 1) pre-log-log form, the differential form to integrate under J 



has the shape 



Pk.e 



(logloglzgl- 1 )^ 

Zd) (log|| S || 2 )V2 



/(*? 



where / behaves as follows: 



n ^ f ,a ax TT (loglog|tfr 1 ) M 



We point out that |dz^/z^| is bounded along the fibers of e , that the form 
/ Ujjtk dz j Ad *j is integrable and (log log \z^\~ 1 ) M /{log \\s\\q 2 ) 1/2 vanishes 
along Tfe. This is enough to prove the claim (|5.34| . Therefore, from (|5.33|) 
lim E _,o la.l = and consequently 

r = r(2) , r(3) 



(5.35) 



1 



y (logPllo" 2 ) 172 
1 



27T Jy (log|| S || - 2 )V2 



dlog\\s\\ 2 (d Xa )^ 



3G 



Finally, since the open covering {Vo,} a U {V/3}/3 is finite, from (|5.30[) and (|5.35[) 
we derive 



(5.36) 



^Xdogii.L-')"^?^ 



i. 



27T Jy (log|| S ||o 2 )V 



— aio g || s || - 2 d(E^)^ 



The assertion of the lemma follows from (15.36)) once we note that J2 7 Xi — 1 
and d(J2 y xi)= 0. " □ 

5.3 Application to the projective case 

We suppose that X is a nonsingular complex projective variety (non necessarily 
connected) and D C X a divisor with simple normal crossings. Consider the 
following elements: 

i. as in section [4j for every integer N > introduce a function G^v (see 
Notation 14. ip . By Lemma 14.71 the functions Qn are pre-log-log, with 
singularities along D; 

ii. an ample line bundle L on X, admitting a global section s £ T(X,L) 
such that div s is a divisor with simple normal crossings containing D. In 
particular div s is reduced and may be seen as a reduced Weil divisor or a 
reduced scheme; 

Hi. a pre-log-log metric || • || on L, with singularities along D] 

iv. a smooth hermitian metric ||-||o on L with to := ci(Lo) > and ||s||q < e _e ; 

u as in i J5.ll we introduce lq — (log log HsH^ 2 )^, Q € Z>o- By Lemma T4.61 
the function £q is pre-log-log, with singularities along divs. Moreover, 
Proposition 14.91 asserts the existence of a constant Aq > such that 
t q := dd c (-£ Q ) + Aqlo > 0. We can take A = 1. 

We write || • || = e~-^ 2 || • ||o, where / :X\D^K.isa pre-log-log function, with 
singularities along D. If || • || is good, then / is P-singular. Since X is compact, 
associated to u) = Ci(Lq) there is a decomposition / = ip — ip as in Theorem 
14.31 Moreover, because D C divs, there exist a constant C > and an integer 
M > such that 

V < C£ M ,i> < Cl M , 9i < r/,.(-) v < r/ \ 

hold onl\ div s. If || • |j is good, then we can take M = 1. Finally, by Theorem 
14.31 and Proposition 14. 9[ there exist constants A, B > and an integer iV > 
such that t := dd c (—<di) + Aw > and 

lu v :=dd c {-ip) + BQ N (dd c (-e 1 ) + Aw) > 0, 
Lu^p :=dd c {-ip) + 59Ar(dd c (-ei) + Alu) > 0. 

If || ■ || is good along D, then we can take N = 0. Therefore the assumptions of 
AO are fulfilled for X. 
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Let now tt : X' — > X be a morphism of complex analytic manifolds such that the 
inverse image schemes tt~ 1 (D) C 7r _1 (divs) are divisors with normal crossings. 
Let Y C X' be a compact complex analytic submanifold of pure dimension d. 
Suppose that Y meets 7r _1 (divs) in a divisor with normal crossings in Y. Then 
Y n D is a divisor with normal crossings in Y, too. We pull-back by tt all the 
objects introduced above (n^ 1 (D), tt*Qn, tt*L, tt*s, 7t*[| • ||, etc.) and then 
we restrict them to Y. We obtain corresponding objects on Y (tt^ 1 {D) n Y, 
(tt*@ n )\Y: {n*L)\y, (7r*s)|y-, (n*\\ ■ \\)\ Y , etc.). Provided that deg^. L Y > 0, the 
requirements of i j5.ll are fulfilled on Y. It is important to point out that the 
involved constants A, {Aq}q, B, C, M, N don't depend on the data X\ n, Y. 
For every integer < p < d define 

J! = [ (7r*f) Cl (n*Ly Cl (n*Lo) d - p . 



Y 



As a consequence of Theorem 15.11 we get the following corollary. 

Corollary 5.6. Let tt : X' — > X be a morphism of complex analytic manifolds 
such thatir~ l (D) and tt~ 1 (div s) are divisors with normal crossings. LetY C X' 
be a compact complex analytic submanifold of pure dimension d, intersecting 
divs in a divisor with normal crossings in Y. Suppose that deg 7r » £ y > 0. 
There exist constants a, (3 > and an integer R > 0, depending only on A, 
{Aq}q, B , C , M and N such that, for all p G {0, . . . , d}, 

< adeg n , L Y + P-(deg n , L Y)-log R (J lo g7 r*|| S ||o 

//II • || is good along D, then we can take R = 1: 

| J* p | < a deg^ L Y + p- (deg^ L Y) ■ log QT log^* Mo ^^y 

Let Z be a reduced closed subscheme of X of pure dimension d, intersecting 
div s properly. Denote by Zx, ■ ■ ■ , Z r the irreducible components of Z. For every 
i = 1, . . . , r, let 7Tj : Xi — > X be an imbedded resolution of singularities of Zi, 
such that 7r~ 1 (divs) is a divisor with normal crossings intersecting the strict 
transform Zi of Zi in a divisor with normal crossings in Zi (see [2], Theorem 
7.27). Then Corollary 15.61 applies to 7Tj, Zj, for every i = l,...,r. If is a 
smooth differential form of degree 2d on X \ div s, locally integrable on X, then 
we adopt the convention 

" '-£/,■*»■ 

i=l 17 z < 

This definition intrinsically depends on and not on the choice of the resolu- 
tions 7Tj. With this convention, define 

J p = f f Cl (L)P Cl (Lo) d - p . 



z 



In this situation Corollary 1 5 . 61 reads as follows. 

Corollary 5.7. Let Z be a reduced closed subscheme of X of pure dimension d, 
intersecting div s properly. There exist positive constants a, (3, and an integer 
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R > 0, depending only on A, {Aq}q, B, C, M and N such that, for all 

pe{0,...,d}, 



\J P \ < adeg L Z + /3- (deg L Z) • log* (^log || S || 



- 2 Ci(L ) d 
deg L Z 



with R = 1 whenever \\ ■ \\ is good along D. 



Proof. Decompose Z into irreducible components: Z = Z\ U . . . U Z r . Following 
the convention above, define 



J« = / f Cl (Ly Cl (Lo) d - p , 

so that 

r 

(5.37) Jp = Y. J p ] - 

i=l 

By Corollarv l5.61 there exist constants a, (3 > and an integer R > 0, depending 
only on A, {Aq}q, B, C, M and N such that, for all p G {0, . . . , d}, 



(5.38) | jW| < «deg L Z, + /3 ■ (deg L Z 4 ) • log* Qf log 



Ci(Xo) d 
deg L Z 4 



If || ■ || is good along D, then we can take R = 1. Now recall that the function 
log* is increasing and concave on ]e R_1 , +oo[, so that 



(5.39) 



<log* f e *+^^| / log|| s "- 2 ^°^ 



; _ x de gi Z ^ "° "~ 110 deg L Z, 



ci(L ) d 



= lo g «( e -/ z l„ glW| - degiZ 
<(2i? + 2)*log* (7 log 



^ 2 ci(L ) rf 
deg L Z 



For the last inequality we used that x + y < 2xy for real x, y > 1. The lemma 
follows combining (|53?) - ((539} . 

□ 



6 Arakelovian heights 

In this section we turn to an arithmetic situation and deal with arakelovian 
heights on arithmetic varieties. We prove Theorem 1 1 . 31 which can be seen as an 
arithmetic counterpart of the bounds in $5] A remarkable and straightforward 
outcome is the finiteness property of arakelovian heights with respect to pre-log- 
log hermitian ample line bundles, as well as the existence of a universal lower 
bound ( Corollary 1 1.4[) . 
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6.1 Heights attached to pre-log-log hermitian line bundles 

Let if be a number field and Ok its ring of integers. Write 5? = SpecO^. 
Throughout this section we work with a fixed arithmetic variety it : 9£ — > 5? 
of relative dimension n. We recall this means that 5£ is a flat and projective 
scheme over J^, with regular generic fiber M'k — ^ y-y Specif of pure di- 
mension n. The set of complex points 3£(C) of 2£ has a natural structure of 
complex analytic manifold, and it can be decomposed as 

ar(c)= 22 x a {C). 

Complex conjugation induces an antiholomorphic involution 

: JT(C) — y SC(C). 

We fix D C iBjr a divisor, such that -D(C) C JT(C) has simple normal crossings. 
Write [7 = «r(C)\D(C). 

Notation 6.1 ([2J). We define Zj^JT) to be the free abelian group generated 
by the irreducible reduced subschemes Z C S£ of codimension p, such that Z(C) 
intersects -D(C) properly. We call Z^-(^T) the group of cycles of codimension 
p, intersecting D(C) properly. A cycle z is said to be vertical if its components 
are supported on closed fibers p € 5? \ {(0)}. A cycle z is said to be 
horizontal if its irreducible components are flat over ,5f . We denote by Z^(^r-) 
the subgroup of Z^(^T) of horizontal cycles. 

Definition 6.2. A pre-log-log hermitian line bundle on ^T, with singularities 
along D, is a couple _S? = (Jzf, || • ||) formed by 

i. a line bundle (invertible sheaf) if on 1"; 

ii. a pre-log-log hermitian metric || ■ || on the line jSfc on JT(C), with singular- 
ities along D(C), and invariant under the action of complex conjugation 
F«>: i^ll -|| = Ml- 

In [2], [3], Burgos, Kramer and Kiihn attach a height morphism to a pre- 
log-log hermitian line bundle Jz? , 



generalizing the height morphism for smooth hermitian line bundles introduced 
by Bost, Gillet and Soule in [T]. We refer the reader to the cited bibliography 
for the precise definition and basic properties of hj^r, both in the smooth and 
pre-log-log case. For our purposes, it will be enough to state the following 
propositions summarizing the main features of hn^. 

Proposition 6.3. Let be a pre-log-log hermitian line bundle on X , with 
singularities along D. The height hn^ satisfies the following three properties: 

HI. if Pk '■ Specif — > 3£ is a K -valued point whose image does not belong to 
D, and P : 5? — > 3C denotes its extension to , then 



h^(P*<y) = deg(P*Jz* 



(4) 



( 4 ) The arithmetic degree deg of a hermitian line bundle Ai = (Ai, || • ||) over Spec Ox is 

M \ _ 

Ok 



defined as follows: if s is a non zero global section of A4, then deg(.M) = log" 1 



E CT:Jf ^ c iog|N|, 
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H2. if z is a vertical cycle supported on a closed fiber 3£ p , then 

h^{z) = log(N p) deg^ z, 

where N p denote the norm of the ideal p; 

H3. let z € Zy +1 ~ p \3Ck) be irreducible and reduced. Let s be a rational section 
of J£® N which does not identically vanish on z. If (div(s).z)(C) intersects 
D(C) properly, then 

Nh^{z) = %(div(s).z) - / log(\\s\\s?®N) aCF)*- 1 . 

Jz(C) 

Proof. This follows from the definition of h-jg and the extended arithmetic in- 
tersection theory in [2J. □ 

Remark 6.4. i. The convergence of the integral in H3 is implicit in the state- 
ment. 

ii. If Jzfff is an ample line bundle, then an easy inductive argument shows that 
the properties HI, H2 and H3 actually characterize hjg. 

Proposition 6.5. Let Jzf be a line bundle on 2^ , | • | a pre-log-log hermitian 
metric on «5f , with singularities along D, and \\ ■ ||o a smooth hermitian metric 
on Jgf. Write & = (JSf, || ■ |]) ; ]Fo = (jSf, || • || ) and || • ]] = e" //2 || ■ ||o, ™/jere 
/ : J?T(C) \ D(C) — > M is a pre-log-log function, with singularities along D(C). 
For any cycle z G Z^ +1 ~ P (^T) we have 

M*) = + / /ci(^) fe c 1 (^ ) p - 1 - fc . 

Proof. This is contained in .'i . Theorem 4.1. □ 



Remark 6.6. Proposition ^ . 51 allows to recover Proposition l6.3l once it is known 
for smooth hermitian line bundles. In this case the properties HI, H2 and H3 
are already established in [Tj. 

Let be a finite extension of fields and write & — Spec Of- Base 

changing by & — > we get an arithmetic variety — * together with a 
finite flat morphism g : S£g- — > of degree [i* 1 : K] . If D C 5&k is an effective 
divisor such that D(C) C 3£"(C) has simple normal crossings, then Dp- C j2Tp is 
an effective divisor and Dp(C) C ^"^(C) has simple normal crossings as well. 
Let if be a pre-log-log hermitian line bundle on JT, with singularities along 
D. The pull-back <?*Jz? of Jz? to S^sr is a pre-log-log hermitian line bundle, 
with singularities along Dp. Since g is flat, for every cycle z on JT there 
is a well defined pull-back cycle <?*(z). Observe that if z(C) intersects -D(C) 
properly, then g*(z)(C) intersects Dp(C) properly. Namely, the correspondence 
z i — ► induces a morphism 

(6-1) 

z i — > g (z), 

where V = #>(C) \ L>f(C). This morphism maps ( into Z^( ,£>)■ 
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Lemma 6.7. Let Jz? be a pre-log-log hermitian line bundle on 3£ , with singu- 
larities along D. Let F\K be a finite extension of fields and 2? = Spec Of- 
Write g : — ► 2£ for the finite flat projection induced by 2F — > 5? . Let 
w G Z^(^i?) be an irreducible and reduced cycle and set z = g(u>) ro d- Let S be 
the degree of g \ w . Then we have the equality 

h g «2>(w) = 5h-g>(z). 

Consequently, for the morphism g* of k6.1\) . we have 

for every z G 7?jj{3£) and every p. 

Proof. This follows for instance from the case of smooth metrics (see [T], §3.1.4 
and Proposition 3.2.1) and Proposition 16. 5\ since g\ w (c) '■ w(C) — * z(C) is gener- 
ically smooth and finite of degree 5, so that 

g* {fc 1 (^) k c 1 (^ ) p - 1 - k )=S [ fdtSfcii&vf- 1 -*. 
(C) Jz(C) 

□ 

Notation 6.8. Let Jzf be a pre-log-log hermitian line bundle, with singularities 
along D. Let z G TF^^S^k) with deg^. z ^ 0. We define its normalized height 
to be 



h-^(z) 
[X:Q]dcg 



h-ig(z) 



Lemma 6.9. Let g : 3£sr —> be as before. Let w G Zy(^F) be an irreducible 
and reduced cycle and set z = g(u>) rc d- For the normalized height we have 
h g ,-g(w) = h-^{z) and h g ,-^(g*z) = h-^(z). 

Proof. For every w G Zy +1_p ( S£p) irreducible and reduced and z = g{w) rc d, we 
have the equalities 



6 



w(C) 
(C) 



where 5 is the degree of g\ w . It follows that deg^*^ \ F (g*z) = deg^ K z. Com- 
bined with Lemma [677] we get h g ,^(w) = h-^(z) and h g ,^(g* z) = h-^(z). □ 

Remark 6.10. The normalization ftrgr just introduced is not the standard one. 
However it appears naturally in the statement and proof of Theorem 11.31 
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6.2 Proof of the main theorem 

We now proceed to prove Theorem 11.31 The argument mainly relies on the 
bounds established in iJS] , and more concretely the situation studied in §5.31 
However, in the reduction steps we will need the following Bertini's type theo- 
rem. The proof is essentially well known, but we include it in the Appendix for 
lack of reference. 

Proposition 6.11. Let X be a nonsingular projective scheme over an alge- 
braically closed field k. Let D C X be a divisor with simple normal crossings. 
Let L be an ample line bundle on X. Then there exist an integer N > and 
global sections si, . . .,s r & H°(X, L® N ) such that supp(div s±),. . . , supp(divs r ) 
are divisors with simple normal crossings and the following equality of schemes 
holds: 

D = (supp(divsi) n . . . fl supp(div S r ))red- 

Under the hypothesis of Theorem 11.31 since D(C) has simple normal cross- 
ings, D-^- has also simple normal crossings in S&j?. We will apply Proposition 
16.111 through the following straightforward corollary. 

Corollary 6.12. There exist a finite extension K'\K, a positive integer N and 
global sections s\, . . . , s r <E H°(i£j<-/ , Jzfj^) such that 

Bl. supp(divSj)(C) is a divisor with simple normal crossings in 3£{C), for 
every j = 1, . . . , r; 

B2. Dk' = (supp(divsi) fl . . . fl supp(div s r )) re( j. 

The next two lemmas provide the final reductions before the proof of Theo- 
rem 11.31 

Lemma 6.13. It is enough to proof Theorem ] 1.3\ in the following situations: 
i. after some finite extension K' \ K ; 

ii. _§f is very ample and z G Z^j(^k) is irreducible and reduced. 

Proof. The first claim i is clear. For the proof of ii, we first note that the 
statement of Theorem l 1 . 3l for ££® N already implies the statement of the theorem 
for _£f, since = Nh-^{z) and = Nhjg (z). Hence we assume 

S£k is very ample. We then proceed in two steps. 

Step 1. We can suppose that Jz? is very ample. Indeed, there exists some model 
[W , &/) of {S£ki-^k) with srf very ample. The metrics || • ||, || • ||o on _Sf induce 
metrics on srf , and we write stf and srf o for the corresponding hermitian line 
bundles. For every effective cycle z G Z^j(^k), we write z for the corresponding 
effective and horizontal cycle on W . By Proposition 3.2.2 in [T], there exists a 
positive constant C , independent of z, such that 

(6.2) | h^ g (z) - h^ g (z)\<C deg ^ z. 

Since s^c and _£fc are isometric, Proposition 16.51 and (|6.2p together give 
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Step 2. We can suppose that z is irreducible and reduced. Indeed, suppose that 
we have shown the existence of constants a, /3, 7 > and R € Z>o such that, 
for every w 6 Tj^j^S^k) irreducible and reduced, we have h-g (w) + 7 > 1 and 

(6.3) %M ~ h& M <a + f3 log R (h^ Q (w) + 7) . 

After possibly increasing 7 we can suppose that hjg (w) + 7 > e^" 1 , for every 
irreducible and reduced w S Zj^ {3£k)- Let us now consider w — J2iei w i e 
Zfj(^K) \ {0} where the lo, 6 TF^S^k) are irreducible and reduced. Then 
yields 

~ ~ deg^f r Wi i~ ~ 

h-^(w) — /l^r (u>) < — \ h-n;{wi) — h~c7i (iVi) 

se\ > se \ 1 - deg^w I xy ' ' 

<a + ^^lo g fi fe o W +7 



Since hj^ o (wi) + 7 > e for all i and log is concave on ]e , +oo[, we 
conclude 



= 10^ (%(«;) +7). 



This completes the proof. □ 

By Corollarv l6.12l and Lemma[031 after possibly extending K and choosing 
a suitable model of (i£}<-, Jzfff ), we can suppose that Jzf is very ample and there 
exist sections s\, . . . , s r £ Ul*{2£kt^k) with the properties Bl, B2 above (with 
K' = K). After possibly multiplying the sections Sj by a sufficiently divisible 
integer, we can even suppose that si,...,s r € H°(^T,^f). We denote Ej = 
supp(div Sj)K- We fix these data until the end of the proof. 

Lemma 6.14. Let z S Z^(<i2f/f ) be irreducible and reduced. Let F be a finite 
extension of K over which all the irreducible components of z-^ are defined. 
Let 3* = Spec Of and g : 3£sr — > 2£ be the finite flat projection induced by 
3 — > '. Write g*(z) — X^e/ Zi > Zi irreducible, reduced and flat over 3~ . Then 
z(C) intersects D(C) properly if and only if, every Zi(C) intersects one of the 
Ej t p(C) properly. 

Proof. Straightforward. □ 
Now we can complete the proof of Theorem 11.31 



Proof of Theorem ] 1.31 First of all, for every integer M > we construct a 
function O m, as in 21 for the complex analytic variety ^"(C) and the divisor 
with simple normal crossings D(C). 

Observe that we can suppose that the metric || • ||o satisfies Ci(Jz?o) > and 
||sj ||o < e & for every j = 1, . . . , r. Indeed, by [I], Proposition 3.2.2 (or also 
Proposition 16.51 for smooth metrics), a change of smooth metric causes only 
bounded variations of the normalized height. 
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We introduce the pre-log-log functions 

^ ) = (loglog|K-||o a )°:^(C)\£ i (C) 



For every Q we fix a positive constant Aq > such that dd c (—l i Q l )+AQ Ci(Jz?o) > 
0, A = 1, for all j = 1, . . . , r (see Proposition 14. 9p . 

Write || • || = e-//2|| • || , where / : \ D(C) -> Ris a pre-log-log 

function (resp. P-singular if || • || is good). Attached to Ci(Jz?o) we perform 
a decomposition / = ip — ip as in Theorem 14.31 Recall that <p, ip are positive 
pre-log-log (resp. P-singular) functions along D(C), with 

lu v :=dd c (-p) + BONidd^-e^ + Adi^o)) >0, 

cj :=d<f (-V0 + Bejv(dd c (-ei) + Aci(^o)) > 0, 

for some A, B > and iV G Z>o- If || • || is good, then we can take N = 1. 
For every j = 1, . . . ,r, D C Ej. By compactness of S^(C) there exist constants 
C > 0, M £ Z> such that 

<P<Ct$,i/>< Cl§ , 0! < , 6^ < , 

for all j G {1, . . . , r}. 

Let 2 G Z^ +1_p (^T/f ) be irreducible and reduced. Denote by F an extension 
of K such that all the irreducible components of z-^ arc defined over F. Let 
3? = SpecCV, g : 3C& — > J^" be as before. Decompose = J2iei z i' w ^h 

the Zj irreducible and flat over 2F . By Lemma 16. 141 f° r every Zj there exists 
j = G {0, . . . ,r} such that Zi(C) intersects Ej t p(C) properly. By Corollary 
15.71 and Proposition 16.51 we have 
(6.4) 



<a + f3\og R [ / log<f||s 



_ 2 aig'&oy- 1 



for a, (3 > 0, R € Z>o depending only on A, {Aq}q, B, C, M and N. Moreover, 
if || • || is good, then we can take R = 1. Applying the property H3 of heights 
(see Proposition 16. 3p . we rewrite (|6.4|) as 
(6-5) 

h g .#(zi) - h g ,^ o {zi) < a + f3log R (2h g ^ o (zi) - 2h g ,^ o (div(g*s j ).z i yj . 

To derive this inequality we point out that 

d eg ig ,^ )F (div(g*s j ).z i ) = &eg {g ,<z )F z h 

so that 

h„*-T3 ( div ( g* s ,). zA ~ 

By Theorem 11.21 there exists a positive constant k > such that, for every effec- 
tive cycle w^Oon 3£ , we have h-^ (w) > —k. Combined with Lemma 16.91 this 

yields h g ,^ o (div(g*Sj).Zi) > — k, because dxv{g* Sj).Zi is effective. Therefore, 
from (16.51) we deduce 



(6.6) 



(Zi)- h g ^ Q {zi)\ <a + p\og R (2h g ,^ o ( Zl ) + 2 K + 2e R+1 ^ 
<a + 2 R [3 log* (h g ,^ o {zA + K + e 1 
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where we applied the trivial inequalities log 2 < 1 and x + y < 2xy for real 
x, y > 1. Now h g »jg o (zi) + k + e R+1 > e^ 1 and log^ is concave on ]e R ^ 1 , +oo[. 
From (|6.6p we derive 



(6.7) 



R+i 



<a + 2*/31og* ( ^ fr^ UW + * + ' 
=a + 2*/3 log* (W (ff*z) + « + e R+1 ) . 



By Lemma WM h g ,-^{g*z) — h-^(z) and h g ,-^ g (g*z) = k^ o (z). Hence (|6.7p is 
equivalent to 



(6.8) 



%( z ) ~ h & ( z ) + l0 & R (% ( z ) + K + efl+1 ) • 



The constants a, 2 R f3 ± j := k + e R+1 > 0, R G Z> (P = 1 if || • || is good) in 
(|6.8p depend only on Jz? and J;?o, and not on z. This concludes the proof of the 
theorem. □ 



7 Examples 

7.1 Automorphic vector bundles on toroidal compactifi- 
cations 

The first natural examples of good hermitian vector bundles are provided by the 
theory of (fully decomposed) automorphic vector bundles on locally symmetric 
varieties, and their extensions to smooth toroidal compactifications. These have 
been firstly worked by Mumford in his proof of Hirzebruch's proportionality 
principle in the non-compact case [14] . In this section we quote from loc. cit. 
the main construction and Mumford's theorem. As an application, we briefly 
discuss the example of modular forms. 

Let B be a bounded symmetric domain. We can write B = G/K, where 
G is a semi-simple adjoint group and if is a maximal compact subgroup. De- 
note Kc,Gc the complexifications of K and G. Inside Gc there is a parabolic 
subgroup of the form P + ■ Kc (P + being its unipotent radical), such that 
K = GD (P+ ■ K c ) and G ■ (P + ■ K c ) is open in G c , Then B := G c /G ■ (P+ ■ K c ) 
is a rational projective variety and there is a G-equivariant immersion B <—* B 
compatible with the complex structure of B. Let Eq be a G-equivariant vector 
bundle on B attached to a representation a : K — > GL r (C). We complexify 
a and extend it to P + ■ Kc, by letting it act trivially on P + . This extension 
induces a Gc equivariant analytic vector bundle Eq on B, with l*(Eq) = Eq. 
This way we get a holomorphic structure on Eq (which depends on the chosen 
extension of a to P+ • Kc)- 

Let r be a neat arithmetic subgroup of G acting on B. Then X = T\B is a 
smooth quasi-projective complex variety. The vector bundle Eq descends to a 
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holomorphic vector bundle E on X. Such a vector bundle is called fully decom- 
posed automorphic vector bundle. Since K is compact, there is a G-invariant 
hermitian metric ho on Eq, thus inducing a hermitian metric h on E. 

Theorem 7.1. Let X be a smooth toroidal compactification of X with D = 
X \ X a divisor with normal crossings. Then the automorphic vector bundle E 
extends to a vector bundle E\ over X , such that h is good along D. 

The following proposition may be interesting for some arithmetic purposes. 

Proposition 7.2. Suppose that Eq = ll>b is the canonical bundle of B. Then 
Ei = u^y(D) and coincides with the pull-back of an ample line bundle 0(1) on 
the Baily-Borel compactification X* of X . The global sections of 0(n) naturally 
correspond to the modular forms whose automorphy factor is the nth power of 
the jacobian. 

Remark 7.3. Under the hypothesis of the proposition, the line bundle ujj^(D) 
is not ample in general. 

Equip the line bundle Eq = lob with the hermitian metric ho induced by the 
Kahler-Einstein metric on B, say with Einstein constant — 1. The existence and 
uniqueness is guaranteed by a result of Mok and Yau |13j . Since the Kahler- 
Einstein metric is invariant under automorphisms, ho is G-equivariant. By The- 
orem [7jT]/io induces a good hermitian metric h on E\ — ujjr{D), with singulari- 
ties along D. Observe that this metric is induced by the Kahler-Einstein metric 
on X with Einstein constant —1, by uniqueness. Since the Kahler-Einstein met- 
ric has negative Ricci curvature, ci(u>x(D),h) > on X. Together with the 
fact that <jJx(D) is the pull-back of an ample line bundle 0(1) on X*, this can 
be shown to be enough for the main theorem to hold, as soon as X and X 
arc defined over a number field K and we have chosen suitable models 3£ of 
X, X* of X*, etc. over Spec0K. Suppose that 0(1) extends to an ample 
line bundle A on S£* , that there is a morphism tt : X — > X* extending the 
natural projection X — > X* and put S£ = tt*(A). The line bundle Jz? is a model 
of u^y(D) and it can be endowed with the good hermitian metric induced by 
h. Then Corollary 11.41 hold for Jzf, provided we restrict to effective horizontal 
cycles. The proof follows the same lines as for pre-log-log hermitian ample line 
bundles, and it will be detailed elsewhere. 

7.2 Some natural hermitian vector bundles on the moduli 
space of curves 

Let g > 2 be an integer and Ai g the moduli space of complex stable curves of 
genus g. We denote by tt : C g — > M. g the universal curve. By A4 g we mean the 
open subset of A4 g parametrizing smooth curves, and we write C g = 7r _1 (A^ g ). 
The boundary d M. g = M. g \ A4 g , which classifies singular stable curves, is a 
divisor with normal crossings. We write dC g = 7r -1 (<9.M g ), which is a divisor 
with normal crossings, too. For the sake of simplicity we neglect that M g and 
C g are actually y-manifolds, and we work as if they were complex analytic 
manifolds (see |T7] for the definition of F-manifold and the description of the 
moduli space of curves as a V- manifold) . 

The first example concerns , the relative dualizing sheaf of n. Every 

fiber of 7T|c admits a unique complete hyperbolic metric of constant negative 
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curvature —1. By Tcichmiiller's theory these metrics glue together and define 
a smooth hermitian metric on u>g ^ M . We get a smooth hermitian metric on 
u>c /m ■ By a theorem of Wolpert [JH] this metric extends to a good hermitian 
metric on oj^ , with singularities along dC g . It is well known that 
is relatively ample ([H], Corollary to Theorem 1.2). 

Let us now consider (fi,M s , hwp) the cotangent bundle of M. g with the Weil- 
Petersson metric. Recall that if p is a point of M. g representing a Riemann 
surface R, then iP is isomorphic to the space of holomorphic quadratic 
differentials on R. If R is written as H/T (H Poincare's upper half plane and 
r C PSL2(M) a discrete subgroup), then the metric hwp on the stalk fljvtg.p is 
the usual scalar product 

(V,^) = / <p(z)ip(z)y 2 dxdy 

JR 

on automorphic forms of weight (2,0) for the group T. By a result of Trapani 16 1, 
(detflMgi det hwp) extends to a good hermitian line bundle utj^ (\ogdA4 g ), 
with singularities along dA4 g . Moreover Trapani shows that ojj^ (log9.M g ) 
admits a smooth hermitian metric with positive curvature form. Therefore, its 
pull-back to the moduli space of curves of genus g with level n structure (n > 3) 
is ample. 

In an ambitious program pioneered by |llj . |12j . Liu, Sun and Yau study 
the goodness and bounded geometry of several natural Kahler metrics on the 
moduli space of curves. The interested reader is referred to loc. cit. for precise 
statements. 



7.3 Kahler-Einstein metrics on quasi-projective varieties 
7.3.1 Complex theory 

The main references we follow are [10], [15] . and [19] . 

Let M be a complex analytic manifold of dimension n and Vl a smooth 
positive (n, n)-form on M , namely a volume form. For every analytic chart 
(V; z\i ■ ■ ■ , z n ) of M write 

n , . 

to\v = £v Y\_ ( ^~ dz k A dz h 



k=l 



The functions define a smooth hermitian metric || • ||n on the canonical 

line bundle lom- By definition, the Ricci form of f2 is the real (l,l)-form 

Ricfi = ci(uj m , || • ||n) 

which is locally given by 

Ricfi \v= dd c log£v 
The generalized Fefferman operator J acting on volume forms is defined as 

(men)" 
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Theorem 7.4 (Kobayashi |10p. Let X be a compact complex analytic manifold 
and D C X a divisor with simple normal crossings. Suppose that the line bundle 
lux{D) is ample on X. Then there exists a unique complete Kdhler- Einstein 
metric gKE on X\D with constant negative Ricci curvature -1. If Qke is the 
volume form of gKE, then gKE is characterized by being complete on X\D and 
by the equation 

J(^ke) = 1. 

Proposition 7.5. Let X be a compact complex analytic manifold and D C 
X a divisor with simple normal crossings. Suppose that lox(D) is ample on 
X . Let U = X \ D and endow ujjj with the smooth hermitian metric \\ ■ \\ke 
induced by Hre- Then (o>jj, II ■ || Ke) extends to a good hermitian line bundle 
[ujx{D), || • || ke)} with singularities along D. 

The proof of Proposition 17.51 follows easily from the more precise growth 
properties established in the proof of Thcorcm l7.4t For the sake of completeness 
we now deepen some of the details involved. In the sequel we fix X and D as 
in the proposition. 

Definition 7.6. Let M be a complex analytic manifold of dimension n. Let 
V C C" be an open subset. A holomorphic map <fi : V — > M is called a 
quasicoordinate if rank(d„</>) = n for every v £ V. Then (V, (f>) is called a local 
quasicoordinate of M. 

Let x £ D and (V = V(x); z\, . . . , z n ) be an analytic chart of X centered at 
x, by means of which V gets identified with x Af and V\D with A^ r x Af 
(r = r(x)). For every rj £ (0, l) r , define the quasicoordinate 

ct> v : V v - (A 3/4 r xA{^V\D 

V = (Vi, . . .,V n ) I > (<Pri,l(v), ■ ■ .,<f> n ,n(v)) 

where 




if 1 < k < r, 
if k > r. 



Observe that 

v= |J Mv v ). 

»?6(Q,l) r 

We now construct a quasicoordinate covering V = {(Vg,^)}^, containing ex- 
actly: 

• all the quasicoordinates {(V n , 4>T])}r l e(o,i) T i f° r {V ~ V{ x )> z i> ■ • ■ > z »)' 
x £ D, as above. Denote by W the union of the images of all these 
quasicoordinates. This is an open neighborhood of D; 

• a finite coordinate covering of the compact subset X \ W. 

We introduce the Holder space of C fe,a -functions on U = X \ D, with respect to 
the quasicoordinate covering V. 
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Definition 7.7 (Holder spaces). Let k > be an integer and a £ (0,1). The 
C fe,a -norm with respect to V of a function u G C k (U) is 



\U \\k,a,V 



sup \\<p*(u)\\ k! , 
(v,6)ev 



sup < sup 



E 

\p\+\l\<k 



£)\p\+\q\ 



dvPdv q 



+ sup 



E 



bl+M= fc 



#M+I?I 
ovP av q 



We define the space of C fe '"-functions on U as 

C fc < Q ([/) = {ue C\U) I ||«|| fc>0l v < +^}, 
which is seen to be a Banach space with respect to the norm || • ||fc iCt! y. 

Definition 7.8. We define R r ' s (U) as the space of (r, s)-differential forms u> on 
U such that, for all quasicoordinate (V, <fi) £ V, 

<f(u) = (a p dv p + b q dv q ), 

\p\=r 
|g|= s 

with 

||Op||fe,a, < +00 

for all multi-indices p, q with |p| = r, |q| = s and all k > 0, a £ (0,1). 
If (ui,.. - jUn) are the standard coordinates on F C C" and p = (ix, . . . ,i r ), 
q = (ji, . . . , j s ) are ordered multi-indices, we wrote 

dv p = dvi 1 A ... A dvi r , dv q = dUj 1 A ... A cfiJj s . 

Lemma 7.9. i. R r ' s {U) is a C-vector space; 

li. R r ' s (U) A R r '' s ' (U) C i? r+r '- ;5 _+ s '([/); 

m. dR r > s (U) C ^+1^^) a nddR r > s {U) C i? r ^ +1 (t/). 



Proof. Immediate to check from the definition of R r ' s (U). 



□ 



Recall that denotes the sheaf of Poincare forms on X with singularities 
along D (Definition [ 



Lemma 7.10. We have an inclusion R r ' s (U) C T{X,7 > d) Ij '' s \ where the su- 
perscript stands for the (r, s) part with respect to the usual bigrading of complex 
differential forms. 
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Proof. We localize near the divisor D and consider a quasicoordinate ^ : V v — * 
V \ D in V. Hence V has coordinates z\,...,z n and V \ D is the divisor 
Z\ . . . z r = 0. For simplicity we consider the differential form 

. dz\ dz r , , 

w = h — i — 71 — r~iT A ... A — : — ti — — p- A dz r+ i A . . . dz n 
zilog(|zi| L ) z r log(|z r | x ) 

and suppose that $J(o>) has finite C fc ' Q -norm for all k > and a G (0, 1). We 
have to prove that h is bounded on the image of ^> r) . From the definition of 
a straightforward computation shows that 

The hypothesis implies the coefficient of <ivi A ... A dw„ has bounded sup-norm. 
Since \vi\ < 3/4 for i = 1, . . . , r, this immediately yields the boundedness of 
<£*(/i). □ 

Corollary 7.11. Let u : U = X\D -> C be a smooth function. If uE R°'°(U), 
then u is a P- singular function with singularities along D. 

Proof. By LemmaES du E R lfl {U)® R°< X (U) and dd c u £ By Lemma 

17.101 du and dd c u have Poincare growth with singularities along D. Hence u is 
a P-singular function with singularities along D. □ 

Theorem 7.12 (Kobayashi [lOj ) . Let X be a compact complex analytic manifold 
and D C X a divisor with simple normal crossings. Suppose that lox(D) is 
ample on X . Let D\ , . . . , D m be the irreducible components of D and Sj £ 
T(X,0(Di)) sections with divs^ = Di, for all i — l,...,m. Let be a volume 
form on X. There exist suitable smooth hermitian metrics on the line bundles 
O(Di), that we write \\ ■ \\ for simplicity, with ||sj|| small enough, and a function 
u E R ' (U) such that the volume form VI ke of the Kdhler-Einstein metric on 
U is 

Q 

With Theorem [732] at hand, we can prove Proposition [73] 

Proof of Proposition \ 7. 5\ We may localize at an analytic chart (V; z\, . . . , z n ) 
of X by means of which V gets identified with A{ x Af and V \ D = A* r x Af . 
For simplicity suppose that Di D V gets identified with zi = 0, for i = 1, . . . , r 
and Di n V — for i > r. A local analytic frame of u>x{D)\v is 

dz\ dz r 

, . . . , , G£z r _f_i, . . . , az n . 
Z\ z r 

Write ||si[| 2 = \zi\ 2 hi for i — 1, . . . ,r. Then by Theorem 17. 121 we can write 

- 1 1 



^^logdl^P^ 1^ || Sfc ||2 log( || Sfe ||2 )2 
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where 7 is a smooth positive function. Observe also that the functions hk as 
well as the second product are smooth positive functions. We are thus reduced 
to prove that u and log(log(||si|| 2 ) 2 ) are P-singular functions with singularities 
along D. On one hand, Lemma \7 . 1 II proves that u is P-singular. On the other 
hand, log(log(||si|| 2 ) 2 ) is P-singular by Lemma l4~6l □ 

7.3.2 Arithmetic theory 

Let K be a number field and X a nonsingular projective variety over K. Let 
D C X be a reduced effective divisor such that D(C) C X(C) has simple 
normal crossings. Suppose that lox(D) is an ample divisor on X. Then, for 
every a : K C, wx„ c (-Du,c) is ample and there exists a unique Kahler- 
Einstein metric on X a (C) \ D a (C) with constant negative Ricci curvature -1 
(see Theorem 17. 4p . By Proposition 17.51 these metrics induce good hermitian 
metrics on the lines wx„ c (^,c)i with singularities along D „(<£), respectively. 
The collection of these metrics, for varying a : K c — > C, is invariant under the 
action of complex conjugation F^. Indeed, let gKE,a be the Kahler-Einstein 
metric on X a (C) \ D a (C). Then F^ Q (gKE,a) defines a complete Kahler metric 
on .XV(C) \ Dct(C). Let SIke,<t be the volume form of gKE,(Ti so that F^Qke,^ 
is the volume form oi F^gxE^)- Since RicF^flKE^ = Ric Qke,<j, we find 

j(F^n KE j = F^j(fi KE>(T ) = i. 

By uniqueness we derive F^gKE^) = gKE.^- We write u>x{D) KE for the 
resulting good hermitian line bundle, with singularities along D. 
Let now (JT,JS?) be any model of (X, uix{D) KE ) over y = SpecOif. Then 
Theorem [T3] can be applied for any choice of smooth metric || ■ ||o on Jzf '. If ££ 
is ample over 3C , then Corollary 11.41 applies to (^T,J§f). In this situation «Sf 
verifies the finiteness and the universal lower bound properties. 

8 Appendix 

The appendix is aimed to prove Proposition 16 . 1 ll 

Proof of Provosition \6. lH Decompose D into smooth irreducible components, 
D = Z>i U . . . U D m . Let D* be the Weil divisor D 1 + . . . + D m . Denote by 
T the family of nonsingular subschemes of X consisting of X itself and all the 
irreducible components of the intersections 

Ha, 

where / runs over all the subsets of {1, .. . ,m\. Since L is ample, there ex- 
ists some positive integer N such that L® N and L® N (—D*) are very ample. 
Consider the exact sequence 

-> L® N (—D*) L® w -» Lg w -» 0. 

Taking global sections, we find the exact sequence 

(8.1) -» r(x, l® n (-d*)) A r(x, l® n ) A r(jc, xg^). 
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For every Y € T , Bertini's theorem ([S], Chapter II, Theorem 8.18) provides us 
with a dense open subset Uy of the projective space P = P(r(X, L <glAr (— £>*))) 
such that, for any t E Uy, supp(divi) intersects Y transversally. Since T is 
finite and the open subsets Uy are dense, the intersection 

U= p| U y 

is a non-empty open subset of P. Therefore we can take t\,...,t r G [/ such 
that supp(divfT) n ... PI supp(div^)=0. Let t u .. . ,t r G T(X, L® N (—D*)) be 
representatives of t±, . . . , t r , respectively. Let s\ = j(t\), . . . , s r = j(t r ) be their 
images by the morphism j of (|8.ip . Since p(si) — 0, D C supp(divsi) for all 
i = 1, . . . , r. Actually, for every i = 1, . . . , r, we have 

divSj = divi; + D* . 

Therefore, for the support of div Sj we find 

supp(divs.i) = supp(divti) U D. 

By the choice of the sections t{ (5 € U), supp(divsi) is a divisor with simple 
normal crossings. Finally, since supp(divii) Pi ... PI supp(divt r ) = 0, we have 
an equality of reduced closed subschemes of X 

D = (supp(div si) n . . . fl supp(div s r )) r ed- 

The proof of the proposition is complete. □ 
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